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Abstract—In this paper, a neuroadaptive control framework
for continuous- and discrete-time nonlinear uncertain dynamical
systems with input-to-state stable internal dynamics is developed.
The proposed framework is Lyapunov based and unlike standard
neural network (NN) controllers guaranteeing ultimate bounded-
ness, the framework guarantees partial asymptotic stability of the
closed-loop system, that is, asymptotic stability with respect to part
of the closed-loop system states associated with the system plant
states. The neuroadaptive controllers are constructed without
requiring explicit knowledge of the system dynamics other than
the assumption that the plant dynamics are continuously differ-
entiable and that the approximation error of uncertain system
nonlinearities lie in a small gain-type norm bounded conic sector.
This allows us to merge robust control synthesis tools with NN
adaptive control tools to guarantee system stability. Finally, two
illustrative numerical examples are provided to demonstrate the
efficacy of the proposed approach.

Index Terms—Adaptive control, asymptotic stability, input-to-
state stable internal dynamics, neural networks (NNs), partial sta-
bility, sector-bounded nonlinearities.

I. INTRODUCTION

ONE of the main motivation for developing neural network
(NN) adaptive control algorithms is their capability to

approximate a large class of continuous nonlinear maps from
the collective action of very simple, autonomous processing
units that are connected in simple ways. These processing units
involve a weighted interconnection of fundamental elements
called neurons, which are functions consisting of a summing
junction and a nonlinear operation involving an activation
function. In addition, NNs have attracted attention due to their
inherently parallel and highly redundant processing architec-
ture that makes it possible to develop parallel weight update
laws. This parallelism makes it possible to effectively update an
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NN online. Consequently, the use of the NNs for system iden-
tification and control of complex highly uncertain dynamical
systems has become an active area of research [1]–[9].

Unlike adaptive controllers which guarantee asymptotic
stability of the closed-loop system states associated with the
system plant states, standard NN adaptive controllers guarantee
ultimate boundedness of the closed-loop system states [10].
This fundamental difference between adaptive control and
neuroadaptive control can be traced back to the modeling and
treatment of the system uncertainties. In particular, adaptive
control is based on constant, linearly parameterized system
uncertainty models of a known structure but unknown vari-
ation [11]–[13], while neuroadaptive control is based on the
universal function approximation property, wherein any contin-
uous system uncertainty can be approximated arbitrarily closely
on a compact set using an NN with appropriate weights [14].
This system uncertainty parametrization makes it impossible
to construct a system Lyapunov function whose time derivative
along the closed-loop system trajectories is guaranteed to be
negative definite. Instead, the Lyapunov derivative can only be
shown to be negative on a sublevel set of the system Lyapunov
function. This shows that, in this sublevel set, the Lyapunov
function will decrease monotonically until the system tra-
jectories enter a compact positively invariant set containing
the desired system equilibrium point, and thus, guaranteeing
ultimate boundedness. This analysis is often conservative
since standard Lyapunov-like theorems used to show ultimate
boundedness of the closed-loop system states provide only
sufficient conditions, while NN controllers often achieve plant
state convergence to a desired equilibrium point.

In this paper, we develop a neuroadaptive control framework
for a class of nonlinear uncertain dynamical systems which
guarantees asymptotic stability of the closed-loop system states
associated with the system plant states, as well as boundedness
of the NN weighting gains. The proposed framework is Lya-
punov-based and guarantees partial asymptotic stability of the
closed-loop system, that is, Lyapunov stability of the overall
closed-loop system states and convergence of the plant states
[15]. The neuroadaptive controllers are constructed without
requiring explicit knowledge of the system dynamics other than
the assumption that the plant dynamics are continuously differ-
entiable and that the approximation error of uncertain system
nonlinearities lie in a small gain-type norm bounded conic
sector. Furthermore, the proposed neurocontrol architecture is
modular in the sense that if a nominal linear design model is
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available, then the neuroadaptive controller can be augmented
to the nominal design to account for system nonlinearities and
system uncertainty. Hence, the approach of the present paper is
related to the neuroadaptive control methods developed in [6],
[16]. Finally, we emphasize that since our focus in this paper is
to develop a neuroadaptive control framework that guarantees
asymptotic stability, we limit our attention to NN controllers
with full-state feedback and matched uncertainties. Extensions
to output feedback neuroadaptive control operating over a
tapped delay line of available input and output measurements
can be addressed using the techniques in [6] and [17].

The notation used in this paper is fairly standard. Specifically,
denotes the set of nonnegative integers, denotes trans-

pose, denotes the Moore–Penrose generalized inverse,
denotes the trace operator, denotes the natural log operator,

denotes the maximum singular value, denotes
the column stacking operator, denotes the Euclidean vector
norm, and (respectively, ) denotes the maximum
(respectively, minimum) eigenvalue of a Hermitian matrix.

II. STABLE NEUROADAPTIVE CONTROL FOR NONLINEAR

UNCERTAIN SYSTEMS

In this section, we consider the problem of characterizing
neural adaptive feedback control laws for a class of nonlinear
uncertain dynamical systems. Specifically, consider the con-
trolled nonlinear uncertain dynamical system given by

(1)

(2)

where , , and , , are
the state vectors, , , is the control input,

satisfies , ,
is continuously differentiable on for each ,
is continuous on for each ,
satisfies , , is Lipschitz contin-
uous in for each , and
is continuous. The dynamics (2) typically describe the internal
dynamics of the system . The control input in (1) is re-
stricted to the class of admissible controls consisting of measur-
able functions such that , . Furthermore, for
the nonlinear uncertain system , we assume that the required
properties for the existence and uniqueness of solutions are sat-
isfied, that is, , , , and satisfy sufficient
regularity conditions such that (1) and (2) have a unique solu-
tion forward in time.

In this paper, we assume that and are unknown
functions, and and are given by

(3)

(4)

where and are known matrices,
is a known matrix function such that

, , and

is an uncertain function belonging to the uncertainty set
given by

(5)

where is an uncertain function such that
is continuously differentiable on for each ,
is continuous on for each , and .

Furthermore, we assume that (2) is input-to-state stable with
viewed as the input. It is important to note that since

is continuously differentiable in and , , it
follows that there exists a continuous matrix function

such that ,
. We assume that the continuous matrix function can

be approximated over a compact set
by a linear in the parameters NN up to a desired accuracy so that

(6)

where denotes the th column of ,
, , are optimal unknown (constant) weights

that minimize the approximation error over ,
, , are modeling errors such that

, , where
and , and is

a given basis function such that each component of takes
values between 0 and 1.

Next, defining

(7)

where and denotes the
Kronecker product, it follows from (6) and Cauchy–Schwarz
inequality that

(8)

where . In the case
where does not possess internal dynamics (i.e., ), (6)
and (8) specialize to

(9)

and

(10)

respectively. This corresponds to a nonlinear small gain-type
norm bounded uncertainty characterization for (see Fig. 1).

Theorem 2.1: Consider the nonlinear uncertain dynamical
system given by (1) and (2) where and are given
by (3) and (4), respectively, and belongs to . Assume

there exists a matrix such that
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Fig. 1. Visualization of function '(�).

is Hurwitz. Furthermore, for a given , assume there exist
positive–definite matrices and such
that

(11)

In addition, assume that (2) is input-to-state stable with
viewed as the input. Finally, let and
be positive definite. Then, the neural adaptive feedback control
law

(12)

where , , and ,
with update law

(13)

guarantees that there exists a positively invariant set
, with , such that the

solution of the closed-loop
system given by (1), (2), (12), and (13) is Lyapunov stable and

as for all and
.

Proof: First, note that with , , given by (12), it
follows from (1), (3), and (4) that

(14)

or, equivalently, using (7)

(15)

Fig. 2. Visualization of sets used in the proof of Theorem 2.1.

where . To show Lyapunov stability of
the closed-loop system (2), (13), and (15), consider the partial
Lyapunov function candidate

(16)

Note that (16) satisfies ,

, and , with ,
, and , where

. Now, letting , , denote the solution
to (15) and using (8), (11), and (13), it follows that the Lyapunov
derivative along the closed-loop system trajectories is given by

(17)

Next, let

(18)

where is the maximum value such that
(see Fig. 2). Now, since for

all and , it follows that is
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positively invariant. Furthermore, it follows from [15, Th. 1] that
the solution to (2), (13), and
(15) is Lyapunov stable with respect to and (uniformly in

) for all and . In addition,
since , it follows from [15, Th. 2] that as

.
Next, since (2) is input-to-state stable with viewed as

the input, it follows from [18, Th. 1] that there exists a continu-
ously differentiable, radially unbounded positive–definite func-
tion and class functions and such
that

(19)

Since is bounded for all , it follows that the set
given by

(20)

is also positively invariant as long as1 . Now, since
and are positively invariant, it follows that

(21)

is also positively invariant. Furthermore, since (2) is
input-to-state stable with viewed as the input, it fol-
lows from Proposition 6.1 (see the Appendix) that the solution

to (2), (13), and (15) is
Lyapunov stable and and as for all

and .
Remark 2.1: Note that the conditions in Theorem 2.1

imply partial asymptotic stability, that is, the solution
of the overall closed-loop

system is Lyapunov stable and as .

Hence, it follows from (13) that as .
Remark 2.2: Since the partial Lyapunov function (16) used

in the proof of Theorem 2.1 is a class function with respect
to and , the assumption invoked in the proof
of Theorem 2.1 is automatically satisfied in the case where the
NN approximation holds in . Furthermore, in this
case, the control law (12) ensures global asymptotic stability
with respect to and . However, the existence of a global NN
approximator for an uncertain nonlinear map cannot, in general,
be established. Hence, as is common in the NN literature, for a
given arbitrarily large compact set ,
we assume that there exists an approximator for the unknown
nonlinear map up to a desired accuracy in the sense of (8). This
assumption ensures that there exists a nontrivial Lyapunov level
set such that . In the case where is continuous
on , it follows from the Stone–Weierstrass theorem
that can be approximated over an arbitrarily large com-
pact set . In this case, our neuroadaptive controller
guarantees semiglobal partial asymptotic stability.

1See Remark 2.2.

Remark 2.3: Note that the neuroadaptive controller (12) and
(13) can be constructed to guarantee partial asymptotic stability
using standard linear theory. Specifically, it follows from
standard theory [19] that , where

and is such that , if and
only if there exists a positive–definite matrix satisfying the
bounded real Riccati equation (11). It is well known that (11)
has a positive–definite solution if and only if the Hamiltonian
matrix

(22)

has no purely imaginary eigenvalues. It is important to note
that , which characterizes the approximation error over

, can be made arbitrarily large by taking a large
number of basis functions in the parameterization of the uncer-
tainty . In this case, we can construct the weight update
law (13) by solving the linear matrix inequality

(23)

for , with and the largest attainable value for .
It is important to note that the adaptive control law (12) and

(13) does not require the explicit knowledge of the optimal
weighting matrix nor specific structure on the nonlinear dy-
namics and to apply Theorem 2.1. However,
if (1) is in normal form [20] with (2) being input-to-state stable
with viewed as the input, then we can always construct a
neuroadaptive control law without requiring knowledge of the
system dynamics and while the assumption
(3) is guaranteed to be satisfied. To see this, assume that the
nonlinear uncertain system is generated by

(24)

(25)

where ,
, denotes the th derivative of , and denotes the

relative degree with respect to the output . Here, we assume
that the square matrix function composed of the entries

, , is such that ,
, where is the (vector) rel-

ative degree of (24) and . Furthermore, we assume that
is continuously differentiable on for each ,
is continuous on for each , and

. In addition, we assume that the dynamics given by (25) is
input-to-stable with viewed as the input.

Next, define , ,

, and , so that
(24) can be described by (1) with
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where is a known matrix of zeros and ones
capturing the multivariable controllable canonical form repre-
sentation [21], is an unknown function
and satisfies , and .
Note that with and

. In this case, . Further-
more, since is in multivariable controllable canonical form,
we can always construct such that is Hurwitz.

III. STABLE NEUROADAPTIVE CONTROL FOR DISCRETE-TIME

NONLINEAR UNCERTAIN SYSTEMS

In this section, we develop a similar framework to the frame-
work presented in Section II for discrete-time nonlinear uncer-
tain systems. Specifically, consider the controlled nonlinear un-
certain dynamical system given by

(26)

where , , is the state vector, ,
, is the control input, is continuously

differentiable and satisfies , and is
continuous. For simplicity of exposition, here we assume that

does not possess internal dynamics, and hence, a discrete-
time subsystem analogous to (2) is not considered. The case
where possesses input-to-state stable internal dynamics can
be handled as in the continuous-time case discussed in Section II
using partial stability theory for discrete-time systems.

In this section, we assume that is an unknown function
and and are given by

(27)

(28)

where and are known matrices,
is a known matrix function such that

, , and is an uncertain function be-
longing to the uncertainty set given by

(29)

where is an uncertain continuously differentiable
function such that . As discussed in Section II, since

is continuously differentiable and , it follows that
there exists a continuous matrix function
such that , . Furthermore, we assume that
the continuous matrix function can be approximated over
a compact set by a linear in the parameters NN up to
a desired accuracy so that (9) and (10) hold for a given
with and replaced by and , respectively, and where

is given by

(30)

Theorem 3.1: Consider the nonlinear uncertain dynamical
system given by (26) where and are given by (27)

and (28), respectively, and belongs to . Assume there
exists a matrix such that is Schur.
Furthermore, for a given , assume there exist positive–def-
inite matrices and such that

(31)

(32)

where and, for all , satisfies

(33)

where and . Then, the neural adaptive
feedback control law

(34)

where , , and , with
update law

(35)

guarantees that there exists a positively invariant set
, with , such that the

solution of the closed-loop system
given by (26), (34), and (35) is Lyapunov stable and
as for all and .

Proof: First, note that with , , given by (34) it
follows from (26)–(28) that

(36)

or, equivalently, using (30)

(37)

where . Now, adding and subtracting
to and from (35) and using (37) it follows that

(38)



HAYAKAWA et al.: NN ADAPTIVE CONTROL FOR A CLASS OF NONLINEAR UNCERTAIN DYNAMICAL SYSTEMS 85

To show Lyapunov stability of the closed-loop system (35)
and (37) consider the Lyapunov function candidate

(39)

where

(40)

Note that and, since is positive definite and
, for all . Now, letting ,

, denote the solution to (37) and using (10), (31), and
(35), it follows that the Lyapunov difference along the closed-
loop system trajectories is given by

(41)

where in (41) we used and for
and , respectively, and .

Furthermore, note that .
Now, defining and

, it follows from (41) that
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(42)

where

(43)

Hence, the Lyapunov difference given by (42) yields

(44)
Next, let

(45)

where is the maximum value such that .
Since for all and

, it follows that is positively invariant. Next, since
is positively invariant, it follows that

(46)

is also positively invariant. Furthermore, it follows from (44)
and (the discrete version of) [15, Th. 2] that the solution

to (35) and (37) is Lyapunov
stable and as for all and

.
Remark 3.1: The conditions in Theorem 3.1 imply partial

asymptotic stability, that is, the solution
of the overall closed-loop system is Lyapunov stable

and as . Hence, it follows from (35) that
as .

Remark 3.2: The neuroadaptive controller (34) and (35) can
be constructed to guarantee partial asymptotic stability using
standard discrete-time linear theory. Specifically, it follows
from standard discrete-time theory [22] that

, where and is such that

, if and only if there exists a positive–defi-
nite matrix satisfying the discrete-time bounded real Riccati
equation (31). As in the continuous-time case, character-
izing the approximation error over can be made arbitrarily
large provided that we take a large number of basis functions
in the parametrization of the uncertainty . In this case, it
can be shown that there always exist and such that the con-
ditions (31) and (33) are satisfied. To see this, note that since

is assumed to be a bounded basis function of , has
a linear growth rate, and hence, the function

in (33) is bounded for all . Now, suppose
that for given and , satisfies (31). In this
case, (31) holds with any and an appropriate .
On the other hand, (33) can be clearly satisfied with sufficiently
large and arbitrary . Hence, it follows that (31) and (33)
are satisfied if the parameter is assumed to be made arbi-
trarily large. Finally, note that unlike the continuous-time case,

is not required for constructing the adaptive control law.

IV. ILLUSTRATIVE NUMERICAL EXAMPLES

In this section, we present two numerical examples to demon-
strate the utility of the proposed neuroadaptive control frame-
work for adaptive stabilization.

Example 4.1: Consider the uncertain controlled Liénard
system given by

(47)

where and are unknown, continu-
ously differential functions. Note that with and ,
(47) can be written in state–space form (1), (2), and (8) with

, , ,

, , and . Here, we assume that the
unknown function can be written as ,
where is an unknown, con-
tinuously differentiable function. Next, let ,
where and are arbitrary scalars, so that

. Now, with the proper choice of and , it follows

from Theorem 2.1 that if there exists satisfying (11),
then the neuroadaptive feedback controller (12) guarantees that

as . Specifically, here, we choose ,
, , and , so that satisfying (11) is given

by

(48)

With , , ,
, ,

, where
, and initial conditions and

, Fig. 3 shows the phase portrait of the controlled and
uncontrolled system. Note that the neuroadaptive controller is
switched on at 10 s. Fig. 4 shows the state trajectories versus
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Fig. 3. Phase portrait of controlled and uncontrolled Liénard system.

Fig. 4. State trajectories and control signal versus time.

time and the control signal versus time. Finally, Fig. 5 shows the
NN weighting functions versus time.

Example 4.2: Consider the nonlinear uncertain discrete-time
system given by

(49)

where , , , , and
is continuously differentiable. Note

that with and , (49) can
be written in state–space form (26) with ,

, ,

and , where . Here, we assume that
is unknown and can be written as ,

where is an
unknown, continuously differentiable function. Next, let

, where and are arbitrary scalars, so

Fig. 5. NN weighting functions versus time.

Fig. 6. State trajectory and control signal versus time.

that . Now, with

the proper choice of and , it follows from Theorem 3.1
that if there exists satisfying (31), then the adaptive
feedback controller (34) guarantees that as .
Specifically, here, we choose , , ,

, , , , , ,

, where , and so that
satisfying (31) is given by

With ,
, , , and initial conditions
and , Fig. 6 shows the state trajectory

versus time and the control signal versus time. Finally, Fig. 7
shows the adaptive gain history versus time.
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Fig. 7. NN weighting functions versus time.

V. CONCLUSION

A neuroadaptive control framework for adaptive stabilization
of continuous- and discrete-time nonlinear uncertain dynamical
systems was developed. In particular, using Lyapunov methods
along with robust control techniques and partial stability
notions, the proposed framework was shown to guarantee
partial asymptotic stability of the closed-loop system, that
is, asymptotic stability with respect to part of the closed-loop
system states associated with the plant. Furthermore, in the case
where the nonlinear system is represented in normal form with
input-to-state stable internal dynamics of unknown order, the
neuroadaptive controllers were constructed without requiring
knowledge of the system dynamics other than the fact that the
plant dynamics are continuously differentiable. Finally, two
illustrative numerical examples were presented to show the
utility of the proposed neuroadaptive stabilization scheme.

APPENDIX

In this appendix, we state and prove a key proposition nec-
essary for proving Theorem 2.1. For this result, recall the defi-
nitions of class and class functions [10]. Here, we prove

the global version of this proposition; the local case is identical
except for restricting the domain of analysis.

Proposition 6.1: Consider the nonlinear interconnected dy-
namical system

(50)

(51)

where is such that, for every
, is Lipschitz continuous in , and

is such that for every , is Lip-
schitz continuous in . If (51) is input-to-state stable with
viewed as the input and (50) and (51) are globally asymptoti-
cally stable with respect to uniformly in , then the zero
solution of the interconnected dynam-
ical system (50) and (51) is globally asymptotically stable.

Proof: Since (51) is input-to-state stable with viewed
as the input and (50) and (51) are globally asymptotically stable
with respect to uniformly in , it follows that there exist
class functions and and a class function

such that

(52)

(53)

where . Setting in (53) yields

(54)

Next, setting and replacing by in (53) yields

(55)
Now, using (52), it follows that

(56)

(57)

Next, substituting (55)–(57) into (54) and using the fact
that , , and

, , where , it
follows that

(58)

where

(59)

Finally, since is a strictly increasing function with
and is a decreasing function of time such

that , , it follows that the zero solution
of the interconnected dynamical system (50) and (51)

is globally asymptotically stable.
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