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Abstract—Nonnegative and compartmental dynamical system
models are derived from mass and energy balance considerations that involve dynamic states whose values are nonnegative.
These models are widespread in engineering and life sciences
and typically involve the exchange of nonnegative quantities
between subsystems or compartments wherein each compartment
is assumed to be kinetically homogeneous. In this paper, we
develop a full-state feedback neural adaptive control framework
for adaptive set-point regulation of nonlinear uncertain nonnegative and compartmental systems. The proposed framework is
Lyapunov-based and guarantees ultimate boundedness of the
error signals corresponding to the physical system states and the
neural network weighting gains. In addition, the neural adaptive
controller guarantees that the physical system states remain in
the nonnegative orthant of the state–space for nonnegative initial
conditions.
Index Terms—Adaptive control, neural networks, nonlinear
compartmental systems, nonlinear nonnegative systems, nonnegative control, set-point regulation.

I. INTRODUCTION

O

NE OF THE primary reasons for the large interest in
neural networks is their capability to approximate a large
class of continuous nonlinear maps from the collective action
of very simple, autonomous processing units interconnected
in simple ways. Neural networks have also attracted attention
due to their inherently parallel and highly redundant processing
architecture that makes it possible to develop parallel weight
update laws. This parallelism makes it possible to effectively
update a neural network on line. These properties make neural
networks a viable paradigm for adaptive system identification
and control of complex highly uncertain dynamical systems,
and as a consequence the use of neural networks for identification and control has become an active area of research [1]–[9].

Manuscript received January 10, 2003; revised November 4, 2003. This work
was supported in part by the National Science Foundation under Grant ECS9496249 and in part by the Air Force Office of Scientific Research under Grants
F49620-03-1-0178 and F49620-03-1-0443.
T. Hayakawa was with the School of Aerospace Engineering, Georgia
Institute of Technology, Atlanta, GA 30332 USA. He is now with the Japan
Science and Technology Agency, Saitama 332-0012, Japan (e-mail: tomohisa_
hayakawa@ipc.i.u-tokyo.ac.jp).
W. M. Haddad is with the School of Aerospace Engineering,
Georgia Institute of Technology, Atlanta, GA 30332 USA (e-mail:
wm.haddad@aerospace.gatech.edu).
N. Hovakimyan is with the Department of Aerospace and Ocean Engineering,
Virginia Polytechnic Institute and State University, Blacksburg, VA 24061 USA
(e-mail: nhovakim@vt.edu).
V. Chellaboina is with the Mechanical, Aerospace, and Biomedical Engineering Department, The University of Tennessee, Knoxville, TN 37996 USA
(e-mail: Chellaboina@utk.edu).
Digital Object Identifier 10.1109/TNN.2004.841791

Modern complex engineering systems as well as biological
and physiological systems are highly interconnected and mutually interdependent, both physically and through a multitude
of information and communication networks. By properly formulating these systems in terms of subsystem interaction and
energy/mass transfer, the dynamical models of many of these
systems can be derived from mass, energy, and information balance considerations that involve dynamic states whose values are
nonnegative. Hence, it follows from physical considerations that
the state trajectory of such systems remains in the nonnegative orthant of the state–space for nonnegative initial conditions. Such
systems are commonly referred to as nonnegative dynamical systems in [10]–[13]. A subclass of nonnegative dynamical systems
are compartmental systems [12], [14]–[23]. Compartmental
systems involve dynamical models that are characterized by conservation laws (e.g., mass and energy) capturing the exchange
of material between coupled macroscopic subsystems known as
compartments. Each compartment is assumed to be kinetically
homogeneous; that is, any material entering the compartment
is instantaneously mixed with the material of the compartment.
The range of application of nonnegative systems and compartmental systems is quite large and includes biological, ecological,
and chemical systems [16], [21], [24], [25]. Due to the severe
complexities, nonlinearities, and uncertainties inherent in these
systems, neural networks provide an ideal framework for online
adaptive control because of their parallel processing flexibility
and adaptability.
In this paper we develop a full-state feedback neural adaptive
control framework for set-point regulation of nonlinear uncertain nonnegative and compartmental systems. Nonzero set-point
regulation for nonnegative dynamical systems is a key design
requirement since stabilization of nonnegative systems naturally deals with equilibrium points in the interior of the nonnegative orthant. The proposed framework is Lyapunov-based
and guarantees ultimate boundedness of the error signals corresponding to the physical system states as well as the neural network weighting gains. The neuro adaptive controllers are constructed without requiring knowledge of the system dynamics
while guaranteeing that the physical system states remain in the
nonnegative orthant of the state–space. The proposed neuro control architecture is modular in the sense that if a nominal linear
design model is available, the neuro adaptive controller can be
augmented to the nominal design to account for system nonlinearities and system uncertainty. Furthermore, since in certain
applications of nonnegative and compartmental systems (e.g.,
pharmacological systems for active drug administration) control (source) inputs as well as the system states need to be non-
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negative, we also develop neuro adaptive controllers that guarantee the control signal as well as the physical system states
remain nonnegative for nonnegative initial conditions. We note
that neuro adaptive controllers for nonnegative dynamical systems have not been addressed in the literature. Our approach
however, is related to the neuro adaptive control methods developed in [26]–[28]. Finally, the proposed neuro adaptive control
framework is used to regulate the temperature of a continuously
stirred tank reactor involving exothermic irreversible reactions.
The contents of the paper are as follows. In Section II, we
provide mathematical preliminaries on nonnegative dynamical
systems that are necessary for developing the main results of
this paper. In Section III, we develop new Lyapunov-like theorems for partial boundedness and partial ultimate boundedness for nonlinear dynamical systems necessary for obtaining
less conservative ultimate bounds for neuro adaptive controllers
as compared to ultimate bounds derived using classical boundedness and ultimate boundedness notions. In Section IV, we
present our main neuro adaptive control framework for adaptive set-point regulation of nonlinear uncertain nonnegative and
compartmental systems. In Section V, we extend the results of
Section IV to the case where control inputs are constrained to be
nonnegative. To demonstrate the efficacy of the proposed neuro
adaptive control framework, in Section VI, we apply our framework to control a continuously stirred tank reactor involving
exothermic irreversible reactions. Finally, in Section VII, we
draw some conclusions.
II. MATHEMATICAL PRELIMINARIES
In this section, we introduce notation, several definitions, and
some key results concerning linear and nonlinear nonnegative
dynamical systems [12], [22], [29], [30] that are necessary for
developing the main results of this paper. Specifically, for
we write
(resp.,
) to indicate that every
component of is nonnegative (resp., positive). In this case,
we say that is nonnegative or positive, respectively. Likewise,
is nonnegative1 or positive if every entry of is nonnegative or positive, respectively, which is written as
or
, respectively. Let
and
denote the nonnegative
and positive orthants of ; that is, if
, then
and
are equivalent, respectively, to
and
.
Finally, we write
to denote transpose,
for the trace
operator,
to denote the minimum eigenvalue of a Hermitian matrix,
for a vector norm,
for the Frobenius
matrix norm, and
for the Fréchet derivative of
at .
The following definition introduces the notion of a nonnegative
(resp., positive) function.
Definition 2.1: Let
. A real function
is a nonnegative (resp., positive) function if
(resp.,
) on the interval
.
The next definition introduces the notions of essentially nonnegative matrices and compartmental matrices.
1In this paper it is important to distinguish between a square nonnegative
(resp., positive) matrix and a nonnegative–definite (resp., positive–definite)
matrix.

Definition 2.2 ([12], [22]): Let
. is essentially
, ,
,
. is compartnonnegative if
,
mental if is essentially nonnegative and
.
Next, consider the controlled linear dynamical system
(1)
where
(2)
is essentially nonnegative and
is non. The following theorem shows
negative such that
that linear stabilizable nonnegative systems possess asymptotviewed as
ically stable zero dynamics with
denote
the output. For the statement of this result let
, and let
the spectrum of , let
in (1) be partitioned as
(3)
where

is essentially nonnegative,
is nonnegative,
is nonnegative,
is essentially nonnegative.
and
Theorem 2.1: Consider the linear dynamical system given
is essentially nonnegative and partiby (1) where
tioned as in (3), and
is nonnegative and is parti. Then there exists a gain mationed as in (2) with
such that
is essentially nonnegative
trix
is asymptotically
and asymptotically stable if and only if
stable.
, where
Proof: First, let be partitioned as
and
, and note that

Assume that
is essentially nonnegative and asymptotically stable and suppose, ad absurdum,
is not asymptotically stable. Then, it follows from [12, Th. 3.1] that there does
such that
.
not exist a positive vector
is nonnegative it follows that
Next, since
for any positive vector
. Thus, there
such that
does not exist a positive vector
and, hence, it follows from [12, Th. 3.1] that
is not asymptotically stable leading to a contradiction.
is asymptotically stable. Conversely, suppose
Hence,
is asymptotically stable. Then taking
and
, where
is essentially nonnegative and
asymptotically stable, it follows that
and, hence,
is
essentially nonnegative and asymptotically stable.
The following definition introduces the notion of essentially
nonnegative vector fields [12], [31].
, where
Definition 2.3: Let
is an open subset of
that contains
. Then is essentially
,
, if
nonnegative with respect to
for all
, and
such that
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,
, where
denotes the th element of . is
for all
, and
essentially nonnegative if
such that
.
In this paper we consider controlled time-varying nonlinear
dynamical systems of the form
(4)
where

,
,
,
,
is continuous in and Lipschitz continuous in
and satisfies
,
, and

on

.
The following definition and proposition are needed for the
main results of the paper.
Definition 2.4: The nonlinear dynamical system given by (4)
and
,
,
is nonnegative if for every
the solution
,
, to (4) is nonnegative.
Proposition 2.1: Consider the time-varying dynamical
is Lipschitz continuous
system (4) where
for all
and
is
on
continuous on
for all
. If for every
,
is essentially nonnegative and
is nonnegative, then the solution
,
,
to (4) is nonnegative.
Proof: The result is a direct consequence of [12, Prop 7.1]
by equivalently representing the time-varying system (4) as an
autonomous nonlinear system by appending another state to
and
represent time. Specifically, defining
, it follows that the solution
,
, to (4)
,
,
can be equivalently characterized by the solution
, to the nonlinear autonomous system
where
(5)
(6)
where
and

and

denote differentiation with respect to
. Now, since
,
, whenever
for
, and
,
,
the result is a direct consequence of [12, Prop 7.1].
It follows from Proposition 2.1 that a nonnegative input signal
,
, is sufficient to guarantee the nonnegativity
of the state of (4).

,

is such that, for every
,
is locally Lipschitz in , and
,
, is the maximal interval of existence for the
,
, to (7), (8). Note that under
solution
to (7), (8)
the previous assumptions the solution
. For the following definition
exists and is unique over
.
we assume that
Definition 3.1:
i) The nonlinear dynamical system (7), (8) is bounded with
respect to
uniformly in
if there exists
such
that, for every
, there exists
such
implies
,
. The nonthat
linear dynamical system (7), (8) is globally bounded with
uniformly in
if, for every
,
respect to
there exists
such that
implies
,
.
ii) The nonlinear dynamical system (7), (8) is ultimately
uniformly in
with ultibounded with respect to
mate bound if there exists
such that, for every
, there exists
such that
implies
,
. The nonlinear
dynamical system (7), (8) is globally ultimately bounded
uniformly in
with ultimate bound
with respect to
if, for every
, there exists
such that
implies
,
.
Note that if a nonlinear dynamical system is (globally)
uniformly in
, then there exists
bounded with respect to
such that it is (globally) ultimately bounded with respect
uniformly in
with an ultimate bound . Conversely, if
to
a nonlinear dynamical system is (globally) ultimately bounded
uniformly in
with an ultimate bound
with respect to
, then it is (globally) bounded with respect to
uniformly
. The following results present Lyapunov-like theorems
in
for partial boundedness and partial ultimate boundedness. For
, where
these results define
and
is a given continuously differentiable function. Furthermore,
let
,
,
, denote the open ball centered at
with radius and let
denote the closure of
.
Theorem 3.1: Consider the nonlinear dynamical system (7),
(8). Assume there exist a continuously differentiable function
and class functions
,
such that

III. PARTIAL BOUNDEDNESS AND PARTIAL
ULTIMATE BOUNDEDNESS
In this section, we present Lyapunov-like theorems for partial boundedness and partial ultimate boundedness of nonlinear
dynamical systems. These notions allow us to develop less
conservative ultimate bounds for neuro adaptive controllers as
compared to ultimate bounds derived using classical boundedness and ultimate boundedness notions. Specifically, consider
the nonlinear autonomous interconnected dynamical system
(7)
(8)
where

,
,
,

is an open set such that
,
is such that, for every
and
is locally Lipschitz in
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(9)
(10)
where
is such that
with
. Then
the nonlinear dynamical system (7), (8) is bounded with respect
. Furthermore, for every
,
to uniformly in
implies that
, where
(11)
and

. If, in addition,
and
is a class
function, then the nonlinear
dynamical system (7), (8) is globally bounded with respect to
uniformly in
and for every
,
,
, where is given by (11) with
.
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Proof: First, let
and assume
. If
,
, then it follows from (9) that
,
. Alternatively, if there exists
such that
, then it follows from the continuity
that there exists
such that
and
of
,
. Hence, it follows from (9) and (10)
that:

which implies that
assume
,
that

and

. Next, let
and
. Now, for every
such
, it follows from (9) and (10) that

which implies that
,
. Next, if
such that
, then it follows as
there exists
in the proof of the first case given previously that
,
. Hence, if
, then
,
. Finally, if
and
is a class
function it follows that
is a class
function and,
hence,
. Hence, the nonlinear dynamical system (7), (8)
uniformly in
.
is globally bounded with respect to
Theorem 3.2: Consider the nonlinear dynamical system (7),
(8). Assume there exist a continuously differentiable function
and class functions
,
such that
(9) holds. Furthermore, assume that there exists a continuous,
such that
,
positive–definite function
, and
(12)
where
is such that
with
. Then
the nonlinear dynamical system (7), (8) is ultimately bounded
uniformly in
with ultimate bound
with respect to
. Furthermore,
.
If, in addition,
and
is a class
function, then
the nonlinear dynamical system (7), (8) is globally ultimately
uniformly in
with ultimate
bounded with respect to
bound .
Proof: First, let
and assume
.
As in the proof of Theorem 3.1, it follows that
,
. Next, let
, where
and assume
and
. In this case, it follows from
,
. Suppose,
Theorem 3.1 that
,
, or, equivalently,
ad absurdum,
,
. Since
is compact and
is continuous and
,
, it follows from Weierstrass’ theorem [32,
exists. Hence, it follows
p. 154] that
from (12) that:
(13)
which implies that
(14)
Now, letting
it follows that
is a contradiction. Hence, there exists

which

such that
. Thus, it follows from
,
Theorem 3.1 that
, which proves that the nonlinear dynamical system
(7), (8) is ultimately bounded with respect to
uniformly
with ultimate bound
. Furthermore,
in
. Finally, if
and
is a class
function it follows that
is a class
function and, hence,
. Hence, the nonlinear dynamical
system (7), (8) is globally ultimately bounded with respect to
uniformly in
with ultimate bound .
The following result on ultimate boundedness of interconnected systems is needed for the main theorems in this paper.
Proposition 3.1: Consider the nonlinear interconnected dynamical system (7), (8). If (8) is input-to-state stable with
viewed as the input and (7), (8) is ultimately bounded with reuniformly in
, then the solution
,
spect to
, of the interconnected dynamical system (7), (8) is ultimately bounded.
Proof: Since (7), (8) is ultimately bounded with respect
(uniformly in
), there exist positive constants and
to
such that
,
. Furthermore, since
(8) is input-to-state stable with viewed as the input, it follows
is finite and, hence, there exist a class
function
that
and a class function
such that

(15)
which proves that the solution
is ultimately bounded.

,

, to (7), (8)

IV. NEURAL ADAPTIVE CONTROL FOR NONLINEAR
NONNEGATIVE UNCERTAIN SYSTEMS
In this section, we consider the problem of characterizing
neural adaptive feedback control laws for nonlinear nonnegative
and compartmental uncertain dynamical systems to achieve setpoint regulation in the nonnegative orthant. Specifically, consider the controlled nonlinear uncertain dynamical system
given by

(16)
(17)
, and
,
, are the
,
, is the control input,
is essentially nonnegative with respect to
but otherwise unknown and satisfies
,
,
is essentially nonnegative with respect
to but otherwise unknown and satisfies
,
,
is a known nonnegative input
and
matrix function. Here, we assume that we have control inputs
so that the input matrix function is given by
where
state vectors,

,

(18)
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where

is a positive diagonal matrix and
is a nonnegative matrix function
,
. The control
such that
input
in (16) is restricted to the class of admissible controls
,
.
consisting of measurable functions such that
In this section, we do not place any restriction on the sign of the
control signal and design a neuro adaptive controller that guarantees that the system states remain in the nonnegative orthant
of the state–space for nonnegative initial conditions and are ultimately bounded in the neighborhood of a desired equilibrium
point.
and
are unknown
In this paper, we assume that
given by
functions with
(19)
is a known essentially nonnegative matrix
where
is an unknown essentially nonnegand
ative function with respect to and belongs to the uncertainty
set given by

(20)
and
is
where
is essentially
an uncertain continuous function such that
nonnegative with respect to and
is bounded for all
. Furthermore, we assume that for a given
there exist
and
such that
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,
, are optimal unknown (constant)
where
,
weights that minimize the approximation error over
,
, are a set of basis
functions such that each component of
takes values be,
, is bounded,
tween 0 and 1 and
,
, are the modeling errors,
, where
,
, are bounds for the
and
optimal weights
,
. Since
is continuous,
,
, from a linear space of
we can choose
continuous functions that forms an algebra and separates points
. In this case, it follows from the Stone-Weierin
strass theorem [32, p. 212] that is a dense subset of the set of
. Now, as is the case in the
continuous functions on
standard neuro adaptive control literature [6], we can construct
involving the estimates of the
the signal
optimal weights as our adaptive control signal. However, even
,
, provide adaptive cancellathough
tion of the system uncertainty, it does not necessarily guarantee
that the state trajectory of the closed-loop system remains in
the nonnegative orthant of the state space for nonnegative initial conditions. To ensure nonnegativity of the closed-loop plant
states, the adaptive control signal is assumed to be of the form
,
, where
is
such that each component of
takes values between 0 and
,
, is bounded, and
1,
whenever
for all
. This set of functions
and, hence, if used as an apdo not generate an algebra in
proximator for
,
, will generate additional
conservatism in the ultimate bound guarantees provided by the
neural network controller. In particular, since each component
and
takes values between 0 and 1, it follows
of
that:

(21)
(22)
(25)
In addition, we assume that (17) is input-to-state stable at
with
viewed as the input; that is, there exist a class
function
and a class function
such that

(23)
denotes the Euclidean vector norm. Unless otherwise
where
to denote the Euclidean vector
stated, henceforth, we use
is an equilibrium point
norm. Note that
such that (21),
of (16), (17) if and only if there exists
(22) hold. Furthermore, we assume that for a given
,
the th component of the vector function
can be approximated over a compact set
by a linear in the parameters neural network
up to a desired accuracy so that for
, there exists
such that
,
, and

(24)

This upper bound will be used in the analysis of Theorem 4.1 in
the following.
For the remainder of the paper we assume that there exists
such that
is essentially
a gain matrix
nonnegative and asymptotically stable, where and have the
forms of (3) and (2), respectively. Now, partitioning the state in
, where
and
, and
(16) as
using (18), it follows that (16) and (17) can be written as

(26)
(27)
(28)
Thus, since
is essentially nonnegative and asymptotically stable, it follows from Theorem 2.1 that the solution
of (27) with
,
and
satisfy
, is globally
where
exponentially stable and, hence, (27) is input-to-state stable at
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with
viewed as the input. Thus, in this
paper we assume that the dynamics (27) can be included in (17)
. In this case, the input matrix (18) is given by
so that
(29)
. Now, for a given desired set point
and for given
, our aim is to design a
,
, such that
and
control input
for all
, where
, and
and
for all
and
.
However, since in many applications of nonnegative systems
and in particular, compartmental systems, it is often necessary
to regulate a subset of the nonnegative state variables which
usually include a central compartment, here we only require that
,
.
Theorem 4.1: Consider the nonlinear uncertain dynamical
and
are
system given by (16) and (17) where
is essentially nongiven by (19) and (29), respectively,
negative with respect to ,
is essentially nonnegative
is essentially nonnegative with rewith respect to , and
assume there
spect to and belongs to . For a given
and
such that (21)
exist nonnegative vectors
and (22) hold. Furthermore, assume that (17) is input-to-state
with
viewed as the input. Fistable at
be such that
is nonnegative and
nally, let
is essentially nonnegative and asymptotically
, be positive constants.
stable, and let and ,
Then the neural adaptive feedback control law
so that

(30)
,
, and

where
,
whenever

,

,
with
, with update law

(31)
where

satisfies
(32)

, guaranfor a positive–definite matrix
tees that there exists a compact, positively invariant set
such that
,
, and the solution
,
,
where
of the closed-loop system given by (16), (17), (30), and (31)

Fig. 1.

Block diagram of the closed-loop system.

is ultimately bounded for all
ultimate bound

with
,

, where

(33)

, and

(34)

Furthermore,

and
for all
and
.
Proof: The proof is given in the Appendix.
Remark 4.1: In the case where the neural network approximation holds in
, the assumptions
and
invoked in the proof of Theorem 4.1 given in the
Appendix are automatically satisfied. Furthermore, in this case
the control law (30) ensures global ultimate boundedness of the
error signals. However, the existence of a global neural network
approximator for an uncertain nonlinear map cannot in general
be established. Hence, as is common in the neural network literature, for a given arbitrarily large compact set
, we assume that there exists an approximator for the
unknown nonlinear map up to a desired accuracy. This assump(see the Appendix) there
tion ensures that in the error space
. In
exists at least one Lyapunov level set such that
the case where
is continuous on
, it follows
can be approxifrom the Stone-Weierstrass theorem that
. In this
mated over an arbitrarily large compact set
case, our neuro adaptive controller guarantees semiglobal ultican be arbitrarily increased. An
mate boundedness; that is,
identical assumption is made in the proof of Theorem 5.1 given
in the Appendix.
A block diagram showing the neuro adaptive control architecture given in Theorem 4.1 is shown in Fig. 1. It is
important to note that the adaptive control law (30), (31) does
not require the explicit knowledge of the optimal weighting
and constants
and . All that is required
matrix
and
such
is the existence of the nonnegative vectors
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that the equilibrium conditions (21) and (22) hold. Furtheris an unknown positive diagonal
more, in the case where
to be diagonal so that
matrix, we can take the gain matrix
, where ,
, are
positive. In this case, taking in (19) to be the zero matrix,
is given by
which is clearly
essentially nonnegative and asymptotically stable. Furthersatisfies (32). Finally, it is
more, any
,
, in
important to note that the control input signal
,
Theorem 4.1 can be negative depending on the values of
, and
,
. However, as is required for nonnegative
and compartmental dynamical systems the closed-loop plant
states remain nonnegative.
Next, we generalize Theorem 4.1 to the case where the input
matrix is not necessarily nonnegative. For this result
denotes the th row of
.
Theorem 4.2: Consider the nonlinear uncertain dynamical
given by (16) and (17) where
and
system
are given by (19) and (29), respectively, (with
not
necessarily nonnegative)
is essentially nonnegative with
is essentially nonnegative with respect
respect to ,
is essentially nonnegative with respect to
to , and
and belongs to . For a given
assume there exist
and a vector
such
a nonnegative vector
. Furthermore,
that (21) and (22) hold with
assume that (17) is input-to-state stable at
with
viewed as the input. Finally, let
be such that
,
, and
is essentially nonnegative and asymptotically
stable, and let and ,
, be positive constants.
Then the neural adaptive feedback control law (30), where
,
,
,
, and
with
whenever
,
, with update
law

(35)
where
satisfies (32), guarantees that there exists a compact, positively invariant set
such that
,
, and the solution
,
,
where
of the closed-loop system given by (16), (17), (30), and (35)
with
is ultimately bounded for all
ultimate bound
,
, where is
and
for all
given by (33). Furthermore,
and
.
Proof: The proof is identical to the proof of
replaced by
Theorem 4.1 given in the Appendix with
.
Finally, in the case where
is an unknown diagonal matrix
but the sign of each diagonal element is known, we can take the
to be diagonal so that
,
gain matrix
is such that
,
. In this
where
in (19) to be the zero matrix,
is given by
case, taking
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which is essentially nonnegative
and asymptotically stable.
V. NEURAL ADAPTIVE CONTROL FOR NONLINEAR
NONNEGATIVE UNCERTAIN SYSTEMS WITH
NONNEGATIVE CONTROL
As discussed in the Introduction, control (source) inputs of
drug delivery systems for physiological and pharmacological
processes are usually constrained to be nonnegative as are the
system states. Hence, in this section, we develop neuro adaptive control laws for nonnegative systems with nonnegative control inputs. Specifically, for a given desired set point
and for given
, our aim is to design a non,
, such that
negative control input
and
for all
, where
,
and
for all
and
and
. However, since in many applications of nonnegative systems and in particular, compartmental systems, it is often
necessary to regulate a subset of the nonnegative state variables
which usually include a central compartment, here we only re,
. Furthermore, we assume that
quire that
we have independent control inputs such that the input matrix
function is given by
,
,
. For compartmental
where
systems this assumption is not restrictive since control inputs
correspond to control inflows to each individual compartment.
Theorem 5.1: Consider the nonlinear uncertain dynamical
and
are
system given by (16) and (17) where
given by (19) and (29), respectively, is essentially nonnegais essentially nonnegative
tive and asymptotically stable,
with respect to ,
is essentially nonnegative with respect
is essentially nonnegative with respect to and
to , and
assume there exist positive
belongs to . For a given
and
such that (21) and (22) hold
vectors
and the equilibrium point
of (16), (17) is
. Furthermore, asglobally asymptotically stable with
with
sume that (17) is input-to-state stable at
viewed as the input. Finally, let and ,
, be positive constants and ,
, be nonpositive constants.
Then the neural adaptive feedback control law
(36)
where

(37)
and

,

,

, with update law

(38)
where

satisfies
(39)

, guaranfor a positive–definite matrix
tees that there exists a compact, positively invariant set
such that
,
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where
, and the solution
,
,
of the closed-loop system given by (16), (17), (36), and (38)
with
is ultimately bounded for all
ultimate bound
,
, where

(40)
, and

(41)
Fig. 2. Exothermic continuously stirred tank reactor.

Furthermore,
,
, and
for all
and
.
Proof: The proof is given in the Appendix.
In Theorem 5.1 we assumed that the equilibrium point
of (16), (17) is globally asymptotically stable with
. In general, however, unlike linear nonnegative
systems with asymptotically stable plant dynamics, a given
for the nonlinear nonnegative
set point
dynamical system (16), (17) may not be asymptotically stabi. However, if
lizable with a constant control
, where
, is homogeneous, cooperative; that is, the Jacobian matrix
is
essentially nonnegative for all
[33], the Jacobian
matrix
is irreducible for all
[33], and
of the undisturbed
the zero solution
system (16), (17) is globally asymptotically stable, then the set
satisfying (21), (22) is a unique
point
and is also asymptotiequilibrium point with
[34]. This implies that
cally stable for all
to (16), (17) with
the solution
is asymptotically stable for all
.
It is important to note that unlike Theorem 4.1, Theorem 5.1
,
does not require that the set of basis functions
, be essentially nonnegative nor satisfy
whenever
,
. This is due to the fact that the
control input is constrained to be nonnegative and, hence, the
neuro adaptive controller given by Theorem 5.1 cannot destroy
nonnegativity of the closed-loop plant states.
VI. NEURAL ADAPTIVE CONTROL FOR CONTINUOUS
STIRRED TANK REACTORS
In this section, we apply the proposed neuro adaptive control
framework to temperature regulation of chemical reactors. In
particular, we consider a perfectly mixed, continuously stirred
tank reactor shown in Fig. 2 involving a single, first-order
.
exothermic (i.e., energy releasing) irreversible reaction
The model involves fluid streams that are continuously fed and
removed from the reactor. Since we assume perfect mixing
in the reactor, the exit stream has the same concentration
and temperature as the reactor fluid. Furthermore, the jacket
surrounding the reactor is assumed to be perfectly mixed and

at a lower temperature than the reactor. In this case, energy (in
the form of heat) transfers through the reactor walls into the
jacket, removing the heat generated by the reaction. A mass
and energy balance of the reactor, assuming constant volume,
heat capacity, and density, yields [35]–[38]

(42)

(43)
is the concentration of reactant in the reactor efwhere
is the concentration of reactant in
fluent in mols/liter,
is the reactor temperature
the feed stream in mols/liter,
is the jacket temperature in degrees
in degrees Kelvin,
Kelvin,
is the feed temperature in degrees Kelvin, is the
is the reactor volume
constant feed flow rate in liters/min,
is the heat of reaction in Joules/mol, is the
in liters,
density in grams/liter, is the specific heat in
,
is the heat transfer term in
,
is the rate of reaction satisfying Arrhenius’ law
and
given by
(44)
is the rate constant in
,
is the activawhere
is the ideal gas constant in
tion energy in Joules/mol, and
.
, the nonDue to the exponential nonlinearity in
linear kinetic (42), (43) can exhibit multiple equilibria, limit cycles, and chaos for fixed jacket temperatures. Here, our control
to a preobjective is to regulate the reactor temperature
.
scribed set point by controlling the jacket temperature
Note that with
,
, and
, (42) and (43) can
be written in state-space form (16) and (17) with
(45)
(46)
(47)
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TABLE I
SYSTEM PARAMETER VALUES [39]

where

,
,
,
, and
. Note that
and
are essentially nonnegative with respect to and , respectively
and, hence, it follows from [12, Prop. 7.1] that the state trajectory of (42) and (43) remain in the nonnegative orthant of
the state–space for nonnegative initial conditions and a nonnegative input. We assume that there exists an equilibrium point
so that (21) and (22) are satisfied [37]. Furthermore, we assume that the system kinetics are uncertain with
, , and are
respect to the temperature as well as
uncertain parameters.
viewed as
To see that (43) is input-to-state stable with
and
so
the input, define
is given by
that

Fig. 3. State trajectories (reactor temperature and concentration of reactant A)
and control signal (jacket temperature) versus time.

(48)
Now, defining

and noting that
is bounded, it follows that

(49)
,
, is input-towhich shows that
state stable with viewed as the input. Hence, it follows from
Theorem 5.1 that the adaptive feedback controller (36) with update law (38) guarantees that the closed-loop system is ultimately bounded and, hence, there exist positive constants and
such that
,
, for all (uncertain) positive
system parameters
, , , and all (uncertain) contin.
uous rate of reaction
For our simulation, we choose the system parameters given
,
in Table I. With

,

,
, and initial conditions
,
, and
, Fig. 3 shows the
state trajectories (i.e., reactor temperature and concentration of

Fig. 4. Neural network weighting functions versus time.

reactant A) versus time and the control signal (i.e., jacket temperature) versus time. Finally, Fig. 4 shows the neural network
weight history versus time.
VII. CONCLUSION
Nonnegative and compartmental systems are widely used
to capture system dynamics involving the interchange of mass
and energy between homogenous subsystems or compartments.
In this paper, we developed a neural adaptive control framework for adaptive set-point regulation of nonlinear uncertain
nonnegative and compartmental systems. Using Lyapunov-like
methods the proposed framework was shown to guarantee
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ultimate boundedness of the error signals corresponding to
the physical system states and the neural network weighting
gains while additionally guaranteeing the nonnegativity of the
closed-loop system states associated with the plant dynamics.
We then generalized our neuro adaptive controller to address
the problem of nonnegative systems with nonnegative control
inputs. This generalization is crucial for physiological, pharmacological, and chemical processes as control inputs are usually
constrained to be nonnegative.
APPENDIX
To prove Theorem 4.1, note that with
,
(30) it follows from (16), (19), and (29) that:

Now, defining
(20)–(22), and noting that
and (50) that:

and

, given by

(50)
, using
, it follows from (17)

Next, to show ultimate boundedness of the closed-loop
system (31), (51), and (52) consider the Lyapunov-like function

(53)
where
,

,

. Note that
,
, where
. Furthermore,
is
function. Now, letting
,
, denote the
a class
solution to (51) and using (24), (25), and (31), it follows that
along the closed-loop
the time derivative of
system trajectories is given by (54), shown at the bottom of the
page. Next, completing squares yields
and
(53) satisfies (9) with
,

(51)
and
(52)
where

and
is a basis function satisis essentially nonnegative and
fying (24). Furthermore, since
asymptotically stable, it follows from [12. Th. 3.3] that there
and a
exist a positive diagonal matrix
such that (32) holds.
positive–definite matrix

(54)
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Next, define

(60)
where

is the maximum value such that

, and define

(61)
where

(62)

(55)
where

is given by (34). Now, for
(56)

or

To show ultimate boundedness of the closed-loop system (31),
(see Fig. 5). Now,
(51), and (52), assume2 that
since
for all
and
, it follows that
is positively invariant. Hence, if
, then it follows from Theorem 3.1
,
, to (31), (51), and
that the solution
(52) is bounded with respect to
uniformly in
and, hence, ultimately bounded with respect to
uni. To show that
,
,
formly in
is also positively invariant and, hence, if there
note that
exists
such that
, then
,
. Alternatively, suppose
the solution
,
, to (31), (51), and (52)
. In this case, the Lyapunov-like function
remains in
(53) is nonincreasing. Furthermore, it follows from (54) that
(63), shown at the bottom of the next page, where

(57)
it follows that
is,
and

for all

(64)

; that

for all
, where
(58)

Note that since
trajectory

2This assumption is standard in the neural network literature and ensures that
~ .
in the error space ~ there exists at least one Lyapunov level set ~
In the case where the neural network approximation holds in
, this
assumption is automatically satisfied. See Remark 4.1 for further details.

D

(59)

and

(65)
are bounded and the state
is bounded, it follows from (31),

D D
2

(63)
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(51), (52) that

,

,
are also bounded and, hence,
is bounded. Thus, it follows from Baras
balat’s lemma [40, p. 192] that
. Now, it follows from (55) that, since the quantity in
the brackets in the right-hand side of (55) is strictly positive in
,
as
. Hence, in either case,
such that
,
,
there exists
which yields (33).
with
viewed
Next, since (52) is input-to-state stable with
as the input, it follows from Proposition 3.1 that the solu,
, to (52) is ultimately bounded and, hence,
tion
,
, of the closed-loop
the solution
system (16), (17), (30), and (31) is ultimately bounded for all
. Furthermore, it follows from [41,
Th. 1] that there exist a continuously differentiable, radially
and class
unbounded, positive–definite function
functions
such that

Since the upper bound for
that the set given by:

Fig. 5. Visualization of sets used in the proof of Theorem 4.1.

Next, note that with
,
(16), (19), and (29) that:

, given by (36) it follows from

(66)
is given by , it follows

(72)
and
Now, defining
using (20)–(22), it follows from (17) and (72) that:

, and

(67)
. Now, since
is also positively invariant as long as3
and
are positively invariant, it follows that:

(68)
is also positively invariant.
and
,
, for
Finally, to show that
note that the closed-loop system (16),
all
(30), and (31), is given by

(69)
where

(73)
and
(74)
. Furwhere
thermore, since is essentially nonnegative and asymptotically
stable, it follows from [12, Th. 3.3] that there exist a positive
and a positive–definite
diagonal matrix
such that (39) holds.
matrix
Next, to show ultimate boundedness of the closed-loop
system (38), (73), and (74) consider the Lyapunov-like function
(75)

Since
,
, is essentially nonnegative with respect
to pointwise-in-time,
is essentially nonnegative with
, it follows from Proposition 2.1 that
respect to , and
,
, and
,
, for all
.
To prove Theorem 5.1, first define
and
, where
if
,
(70)
otherwise,
if
,
otherwise,
3See

Remark 4.1.

(71)

where
and
with
given by
Note that (75) satisfies (9) with
,

.
,
, where
. Furthermore,
is
a class
function. Now, letting
,
, denote the
solution to (73) and using (24) and (38), it follows that the
along the closed-loop system
time derivative of
trajectories is given by (76), shown at the bottom of the next
and for the two cases
page. Now, for each
given in (70), the last term on the right-hand side of (76) gives:
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2) Otherwise,

, then
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and, hence

and, hence

(78)
where
Hence, it follows from (76) that in either case (77), shown at the
top of the next page. Next, completing squares yields

and

. Now, for
(79)

(76)
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(77)

or

(80)
for all
; that
it follows that
for all
is,
and
, where
and
are given by (58) and
(59), respectively. Now, the proof follows as in the proof of
Theorem 4.1.
ACKNOWLEDGMENT
The authors would like to thank Dr. E. Lavretsky for several
stimulating discussions on approximation theory of essentially
nonnegative functions.
REFERENCES
[1] K. S. Narendra and K. Parthasarathy, “Identification and control of dynamical systems using neural networks,” IEEE Trans. Neural Netw., vol.
1, no. 1, pp. 4–27, Jan. 1990.
[2] F. C. Chen and H. K. Khalil, “Adaptive control of nonlinear systems
using neural networks,” Int. J. Control, vol. 55, no. 6, pp. 1299–1317,
1992.
[3] K. J. Hunt, D. Sbarbaro, R. Zbikowski, and P. J. Gawthrop, “Neural networks for control: A survey,” Automatica, vol. 28, pp. 1083–1112, 1992.
[4] A. U. Levin and K. S. Narendra, “Control of nonlinear dynamical
systems using neural networks: Controllability and stabilization,” IEEE
Trans. Neural Netw., vol. 4, no. 2, pp. 192–206, Mar. 1993.
[5] F. L. Lewis, A. Yesildirek, and K. Liu, “Multilayer neural-net robot
controller with guaranteed tracking performance,” IEEE Trans. Neural
Netw., vol. 7, no. 2, pp. 388–399, Mar. 1996.
[6] F. L. Lewis, S. Jagannathan, and A. Yesildirak, Neural Network Control
of Robot Manipulators and Nonlinear Systems. New York: Taylor &
Francis, 1999.
[7] J. Y. Choi and J. A. Farrell, “Adaptive observer backstepping control
using neural networks,” IEEE Trans. Neural Netw., vol. 12, no. 5, pp.
1103–1112, Sep. 2001.
[8] J. Spooner, M. Maggiore, R. Ordonez, and K. Passino, Stable Adaptive
Control and Estimation for Nonlinear Systems: Neural and Fuzzy Approximator Techniques. New York: Wiley, 2002.
[9] S. S. Ge and C. Wang, “Adaptive neural control of uncertain mimo nonlinear systems,” IEEE Trans. Neural Netw., vol. 15, no. 3, pp. 674–692,
May 2004.

[10] L. Farina and S. Rinaldi, Positive Linear Systems: Theory and Applications. New York: Wiley, 2000.
[11] E. Kaszkurewicz and A. Bhaya, Matrix Diagonal Stability in Systems
and Computation. Cambridge, MA: Birkhauser, 2000.
[12] W. M. Haddad, V. Chellaboina, and E. August, “Stability and dissipativity theory for nonnegative dynamical systems: A thermodynamic
framework for biological and physiological systems,” in Proc. IEEE
Conf. Decision Control, Orlando, FL, Dec. 2001, pp. 442–458.
[13] T. Kaczorek, Positive 1D and 2D Systems. New York: Springer-Verlag,
2002.
[14] R. R. Mohler, “Biological modeling with variable compartmental structure,” IEEE Trans. Autom. Control, vol. AC–19, no. 6, pp. 922–926, Dec.
1974.
[15] H. Maeda, S. Kodama, and F. Kajiya, “Compartmental system analysis:
Realization of a class of linear systems with physical constraints,” IEEE
Trans. Circuits Syst., vol. CAS–24, no. 1, pp. 8–14, Jan. 1977.
[16] W. Sandberg, “On the mathematical foundations of compartmental analysis in biology, medicine and ecology,” IEEE Trans. Circuits Syst., vol.
CAS–25, no. 5, pp. 273–279, May 1978.
[17] H. Maeda, S. Kodama, and Y. Ohta, “Asymptotic behavior of nonlinear
compartmental systems: Nonoscillation and stability,” IEEE Trans. Circuits Syst., vol. CAS–25, no. 6, pp. 372–378, Jun. 1978.
[18] R. E. Funderlic and J. B. Mankin, “Solution of homogeneous systems
of linear equations arising from compartmental models,” SIAM J. Sci.
Statist. Comp., vol. 2, pp. 375–383, 1981.
[19] D. H. Anderson, Compartmental Modeling and Tracer Kinetics. New
York: Springer-Verlag, 1983.
[20] K. Godfrey, Compartmental Models and their Applications. New
York: Academic, 1983.
[21] J. A. Jacquez, Compartmental Analysis in Biology and Medicine. Ann
Arbor, MI: Univ. Michigan Press, 1985.
[22] D. S. Bernstein and D. C. Hyland, “Compartmental modeling and
second-moment analysis of state–space systems,” SIAM J. Matrix Anal.
Appl., vol. 14, pp. 880–901, 1993.
[23] J. A. Jacquez and C. P. Simon, “Qualitative theory of compartmental
systems,” SIAM Rev., vol. 35, pp. 43–79, 1993.
[24] A. R. Cooper and G. V. Jeffreys, Chemical Kinetics and Reactor Design. Edinburgh, U.K.: Oliver & Boyd, 1971, ch. 5, pp. 146–206.
[25] E. P. Odum, Fundamentals of Ecology. Philadelphia, PA: Saunders,
1971.
[26] N. Hovakimyan, F. Nardi, A. Calise, and N. Kim, “Adaptive output feedback control of uncertain nonlinear systems using single-hidden-layer
neural networks,” IEEE Trans. Neural Netw., vol. 13, no. 6, pp.
1420–1431, Nov. 2002.
[27] N. Hovakimyan, F. Nardi, and A. Calise, “A novel error observer based
adaptive output feedback approach for control of uncertain systems,”
IEEE Trans. Autom. Control, vol. 47, no. 8, pp. 1310–1314, Aug. 2002.
[28] N. Hovakimyan, B.-J. Yang, and A. J. Calise, “An adaptive output feedback control methodology for nonminimum phase systems,” in Proc.
IEEE Conf. Decision Control, Las Vegas, NV, 2002, pp. 949–954.
[29] A. Berman, M. Neumann, and R. J. Stern, Nonnegative Matrices in Dynamic Systems. New York: Wiley, 1989.

HAYAKAWA et al.: NEURAL NETWORK ADAPTIVE CONTROL FOR NONLINEAR NONNEGATIVE DYNAMICAL SYSTEMS

[30] A. Berman and R. J. Plemmons, Nonnegative Matrices in the Mathematical Sciences. New York: Academic, 1979.
[31] D. S. Bernstein and S. P. Bhat, “Nonnegativity, reducibility, and semistability of mass action kinetics,” in Proc. IEEE Conf. Decision Control,
Phoenix, AZ, December 1999, pp. 2206–2211.
[32] H. L. Royden, Real Analysis. New York: Macmillan, 1988.
[33] H. L. Smith, Monotone Dynamical Systems. Providence, RI: American
Mathematical Society, 1995.
[34] P. De Leenheer and D. Aeyels, “Stability properties of equilibria of
classes of cooperative systems,” IEEE Trans. Autom. Control, vol. 46,
no. 12, pp. 1996–2001, Dec. 2001.
[35] J. Alvarez-Ramírez, R. Suárez, and R. Femat, “Control of continuousstirred tank reactors: Stabilization with unknown reaction rates,” Chem.
Eng. Sci., vol. 51, pp. 4183–4188, 1996.
[36] F. Viel, F. Jadot, and G. Bastin, “Global stabilization of exothermic
chemical reactors under input constraints,” IEEE Trans. Autom. Control,
vol. 42, no. 4, pp. 473–481, Apr. 1997.
[37] B. A. Ogunnaike and W. H. Ray, Process Dynamics, Modeling, and Control. Oxford, U.K.: Oxford Univ. Press, 1997.
[38] B. W. Bequette, Process Dynamics: Modeling, Analysis, and Simulation. Englewood Cliffs, NJ: Prentice-Hall, 1998.
[39] L. Magni, “On robust tracking with nonlinear model predictive control,”
Int. J. Control, vol. 75, pp. 399–407, 2002.
[40] H. K. Khalil, Nonlinear Systems, 2nd ed. Englewood Cliffs, NJ: Prentice-Hall, 1996.
[41] E. D. Sontag and Y. Wang, “On characterizations of the input-to-state
stability property,” Sys. Control Lett., vol. 24, pp. 351–359, 1995.

413

Naira Hovakimyan (M’01–SM’02) received the
Ph.D. degree in physics and mathematics from the
Institute of Applied Mathematics of the Russian
Academy of Sciences, Moscow, in 1992.
After receiving the Ph.D. degree, she joined
the Institute of Mechanics, Armenian Academy of
Sciences, as a Research Scientist, where she worked
until 1997. In 1997, she was awarded a governmental
postdoctoral scholarship to work at INRIA, France.
The subject areas in which she has published include
differential pursuit-evasion games, optimal control
of robotic manipulators, robust control, adaptive estimation, and control. In
1998, she was invited to the School of Aerospace Engineering, Georgia Institute
of Technology, Atlanta, where she worked as a Research Faculty Member
until 2003. In 2003, she joined the Department of Aerospace and Ocean
Engineering, Virginia Tech University, Blacksburg, as an Associate Professor.
She has authored over 90 refereed publications. Her current interests are in the
theory of adaptive control and estimation, neural networks, and stability theory.
Dr. Hovakimyan received the SICE International Scholarship for the best
paper of a young investigator in the VII ISDG Symposium, Japan, 1996. She is
also the recipient of the 2004 Pride @ Boeing Award. She is a Senior Member
of AIAA, a Member of AMS and ISDG, and is an Associate Editor for the IEEE
Control Systems Society, the IEEE TRANSACTIONS ON NEURAL NETWORKS, and
the International Journal of Control Systems and Automation.

Tomohisa Hayakawa (S’00–M’04) received the
B.Eng. degree in aeronautical engineering from
Kyoto University, Kyoto, Japan, in 1997, the M.S.
degree in aerospace engineering from the State
University of New York (SUNY), Buffalo, in 1999,
and the M.S. degree in applied mathematics and the
Ph.D. degree in aerospace engineering, both from
the Georgia Institute of Technology, Atlanta, in 2001
and 2003, respectively.
After working in the Department of Aeronautics
and Astronautics, Kyoto University, he is currently a
Research Fellow in the Department of Information Physics and Computing, the
University of Tokyo, Tokyo, Japan, which is affiliated with the Japan Science
and Technology Agency (JST). His research interests include stability of nonlinear systems, nonnegative and compartmental systems, hybrid systems, nonlinear adaptive control, neural networks and intelligent control, adaptive discrete-time and sampled-data control, and applications to aerospace vehicles,
robotic systems, and biological/biomedical systems.

Wassim M. Haddad (S’87–M’87–SM’01) received
the B.S., M.S., and Ph.D. degrees in mechanical engineering from Florida Institute of Technology, Melbourne, in 1983, 1984, and 1987, respectively, with
specialization in dynamical systems and control.
From 1987 to 1994, he served as a Consultant for
the Structural Controls Group of the Government
Aerospace Systems Division, Harris Corporation,
Melbourne, FL. In 1988, he joined the faculty of the
Mechanical and Aerospace Engineering Department,
Florida Institute of Technology, where he founded
and developed the Systems and Control Option within the graduate program.
Since 1994, he has been a member of the faculty in the School of Aerospace
Engineering, Georgia Institute of Technology, where he holds the rank of
Professor. His research contributions in linear and nonlinear dynamical systems
and control are documented in over 400 archival journal and conference
publications. He is a coauthor of the books Hierarchical Nonlinear Switching
Control Design with Applications to Propulsion Systems (Springer-Verlag,
2000) and Thermodynamics: A Dynamical Systems Approach (Princeton
University Press, 2005). His recent research is concentrated on nonlinear robust
and adaptive control, nonlinear dynamical system theory, large-scale systems,
hierarchical nonlinear switching control, hybrid and impulsive control for
nonlinear systems, system thermodynamics, thermodynamic modeling of mechanical and aerospace systems, nonlinear analysis and control for biological
and physiological systems, and active control for clinical pharmacology.
Dr. Haddad is a National Science Foundation Presidential Faculty Fellow and
a Member of the Academy of Nonlinear Sciences.

VijaySekhar Chellaboina (S’94–M’01) was born
in Andhra Pradesh, India, in 1970. He received the
B.Tech. degree in mechanical engineering from the
Indian Institute of Technology, Madras, India, in
1991, the M.S. degree in mechanical engineering
from Florida Institute of Technology, Melbourne,
in 1993, and the Ph.D. degree in Aerospace Engineering from the Georgia Institute of Technology,
Atlanta, in 1996.
From 1997 to 1999, he served as a Research
Associate in the School of Aerospace Engineering,
Georgia Institute of Technology. From 1999 to 2004, he served as an Assistant
Professor in the Department of Mechanical and Aerospace Engineering,
University of Missouri-Columbia. Since 2004, he has been a Member of the
Faculty of the Mechanical, Aerospace, and Biomedical Engineering Department, University of Tennessee, Knoxville, where he holds the rank of Associate
Professor. His research contributions in linear and nonlinear dynamical systems
and control are documented in over 150 journal and conference publications.
He is the coauthor of the book Hierarchical Nonlinear Switching Control
Design with Applications to Propulsion Systems (New York: Springer-Verlag,
2000). His current research focuses on nonlinear robust and adaptive control,
hybrid and impulsive systems, nonnegative systems, time-delay systems, and
analysis and control for biological and physiological systems.
Dr. Chellaboina is a recipient of a National Science Foundation CAREER
award.

