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Abstract—Nonnegative and compartmental dynamical system
models are derived from mass and energy balance considera-
tions that involve dynamic states whose values are nonnegative.
These models are widespread in engineering and life sciences
and typically involve the exchange of nonnegative quantities
between subsystems or compartments wherein each compartment
is assumed to be Kkinetically homogeneous. In this paper, we
develop a full-state feedback neural adaptive control framework
for adaptive set-point regulation of nonlinear uncertain nonneg-
ative and compartmental systems. The proposed framework is
Lyapunov-based and guarantees ultimate boundedness of the
error signals corresponding to the physical system states and the
neural network weighting gains. In addition, the neural adaptive
controller guarantees that the physical system states remain in
the nonnegative orthant of the state—space for nonnegative initial
conditions.

Index Terms—Adaptive control, neural networks, nonlinear
compartmental systems, nonlinear nonnegative systems, nonnega-
tive control, set-point regulation.

1. INTRODUCTION

NE OF THE primary reasons for the large interest in
O neural networks is their capability to approximate a large
class of continuous nonlinear maps from the collective action
of very simple, autonomous processing units interconnected
in simple ways. Neural networks have also attracted attention
due to their inherently parallel and highly redundant processing
architecture that makes it possible to develop parallel weight
update laws. This parallelism makes it possible to effectively
update a neural network on line. These properties make neural
networks a viable paradigm for adaptive system identification
and control of complex highly uncertain dynamical systems,
and as a consequence the use of neural networks for identifica-
tion and control has become an active area of research [1]-[9].
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Modern complex engineering systems as well as biological
and physiological systems are highly interconnected and mu-
tually interdependent, both physically and through a multitude
of information and communication networks. By properly for-
mulating these systems in terms of subsystem interaction and
energy/mass transfer, the dynamical models of many of these
systems can be derived from mass, energy, and information bal-
ance considerations that involve dynamic states whose values are
nonnegative. Hence, it follows from physical considerations that
the state trajectory of such systems remains in the nonnegative or-
thant of the state—space for nonnegative initial conditions. Such
systems are commonly referred to as nonnegative dynamical sys-
tems in [10]-[13]. A subclass of nonnegative dynamical systems
are compartmental systems [12], [14]-[23]. Compartmental
systems involve dynamical models that are characterized by con-
servation laws (e.g., mass and energy) capturing the exchange
of material between coupled macroscopic subsystems known as
compartments. Each compartment is assumed to be kinetically
homogeneous; that is, any material entering the compartment
is instantaneously mixed with the material of the compartment.
The range of application of nonnegative systems and compart-
mental systems is quite large and includes biological, ecological,
and chemical systems [16], [21], [24], [25]. Due to the severe
complexities, nonlinearities, and uncertainties inherent in these
systems, neural networks provide an ideal framework for online
adaptive control because of their parallel processing flexibility
and adaptability.

In this paper we develop a full-state feedback neural adaptive
control framework for set-point regulation of nonlinear uncer-
tain nonnegative and compartmental systems. Nonzero set-point
regulation for nonnegative dynamical systems is a key design
requirement since stabilization of nonnegative systems natu-
rally deals with equilibrium points in the interior of the non-
negative orthant. The proposed framework is Lyapunov-based
and guarantees ultimate boundedness of the error signals corre-
sponding to the physical system states as well as the neural net-
work weighting gains. The neuro adaptive controllers are con-
structed without requiring knowledge of the system dynamics
while guaranteeing that the physical system states remain in the
nonnegative orthant of the state—space. The proposed neuro con-
trol architecture is modular in the sense that if a nominal linear
design model is available, the neuro adaptive controller can be
augmented to the nominal design to account for system non-
linearities and system uncertainty. Furthermore, since in certain
applications of nonnegative and compartmental systems (e.g.,
pharmacological systems for active drug administration) con-
trol (source) inputs as well as the system states need to be non-
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negative, we also develop neuro adaptive controllers that guar-
antee the control signal as well as the physical system states
remain nonnegative for nonnegative initial conditions. We note
that neuro adaptive controllers for nonnegative dynamical sys-
tems have not been addressed in the literature. Our approach
however, is related to the neuro adaptive control methods devel-
oped in [26]-[28]. Finally, the proposed neuro adaptive control
framework is used to regulate the temperature of a continuously
stirred tank reactor involving exothermic irreversible reactions.

The contents of the paper are as follows. In Section II, we
provide mathematical preliminaries on nonnegative dynamical
systems that are necessary for developing the main results of
this paper. In Section III, we develop new Lyapunov-like the-
orems for partial boundedness and partial ultimate bounded-
ness for nonlinear dynamical systems necessary for obtaining
less conservative ultimate bounds for neuro adaptive controllers
as compared to ultimate bounds derived using classical bound-
edness and ultimate boundedness notions. In Section IV, we
present our main neuro adaptive control framework for adap-
tive set-point regulation of nonlinear uncertain nonnegative and
compartmental systems. In Section V, we extend the results of
Section IV to the case where control inputs are constrained to be
nonnegative. To demonstrate the efficacy of the proposed neuro
adaptive control framework, in Section VI, we apply our frame-
work to control a continuously stirred tank reactor involving
exothermic irreversible reactions. Finally, in Section VII, we
draw some conclusions.

II. MATHEMATICAL PRELIMINARIES

In this section, we introduce notation, several definitions, and
some key results concerning linear and nonlinear nonnegative
dynamical systems [12], [22], [29], [30] that are necessary for
developing the main results of this paper. Specifically, for z €
R™ we write x >> 0 (resp., x > 0) to indicate that every
component of = is nonnegative (resp., positive). In this case,
we say that x is nonnegative or positive, respectively. Likewise,
A € R™*™ is nonnegative!' or positive if every entry of A is non-
negative or positive, respectively, which is written as A >> 0
or A > 0, respectively. Let ﬁ?_ and R’} denote the nonnegative
and positive orthants of R™; that is, if x € R™, then x € ﬁi and
x € R are equivalent, respectively, to z >> 0 and x > 0.
Finally, we write ( )T to denote transpose, tr(-) for the trace
operator, Apmin(+) to denote the minimum eigenvalue of a Her-
mitian matrix, || - || for a vector norm, || - ||r for the Frobenius
matrix norm, and V’(x) for the Fréchet derivative of V' at z.
The following definition introduces the notion of a nonnegative
(resp., positive) function.

Definition 2.1: Let T > 0. A real function v : [0,7] — R™
is a nonnegative (resp., positive) function if u(t) >> 0 (resp.,
u(t) > 0) on the interval [0, T7].

The next definition introduces the notions of essentially non-
negative matrices and compartmental matrices.

ITn this paper it is important to distinguish between a square nonnegative
(resp., positive) matrix and a nonnegative—definite (resp., positive—definite)
matrix.
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Definition 2.2 ([12], [22]): Let A € R"*". A is essentially
nonnegative it A¢; ;) > 0,1,5 =1,...,n,i # j. Ais compart-
mental if A is essentially nonnegative and > ., Ay <0,
7=1,...,n.

Next, consider the controlled linear dynamical system

#(t) = Az(t) + Bu(t), z(0)=z9, ¢t>0 (1)

where

N

(2] e

O(n—m)xm

A € R™*" is essentially nonnegative and B € R™*™ is non-
negative such that rank B = m. The following theorem shows
that linear stabilizable nonnegative systems possess asymptot-
ically stable zero dynamics with & 2 [z1,...,z,,] viewed as
the output. For the statement of this result let spec(A) denote
the spectrum of A, let C; = {s € C : Re[s] > 0}, and let
A € R™*™ in (1) be partitioned as

A [An

Aqo
n } @

Ago

where A;; € R™X™ is essentially nonnegative, A1 €
Rmx(n—m) jq nonnegative, Ay € R(n—m)xm jq nonnegative,
and Ay € R(*~")%(n=m) jg essentially nonnegative.

Theorem 2.1: Consider the linear dynamical system G given
by (1) where A € R™*" is essentially nonnegative and parti-
tioned as in (3), and B € R™*™ is nonnegative and is parti-
tioned as in (2) with rank B = m. Then there exists a gain ma-
trix K € R™*" such that A + BK is essentially nonnegative
and asymptotically stable if and only if Ass is asymptotically
stable.

Proof: First, let K be partitioned as K = [K, K3], where

K1 € R™*™ and K> € R™*("=™) and note that

(A + BK1)T A2T1

A+ BK)T = X
(4+ ) (A2 + BK»)T AL

Assume that A + BK is essentially nonnegative and asymptot-
ically stable and suppose, ad absurdum, Az is not asymptoti-
cally stable. Then, it follows from [12, Th. 3.1] that there does
not exist a positive vector p, € R, ™™ such that AJ,p, < 0.
Next, since Ao + BKQ is nonnegative it follows that (A2 +
BKQ)Tpl >> 0 for any positive vector p; € R’!. Thus, there
does not exist a positive vector p = [p], pa]T such that (A +
BK)Tp < 0 and, hence, it follows from [12, Th. 3.1] that
A+ BK is not asymptotically stable leading to a contradiction.
Hence, Ao is asymptotically stable. Conversely, suppose Az
is asymptotically stable. Then taking K1 = B~1(A; — Ay1)
and K, = —B_lAlg, where Ag is essentially nonnegative and
asymptotically stable, it follows that spec(4 + BK) N C, =
[spec(As) U spec(Ag)] N Cy = @ and, hence, A + BK is
essentially nonnegative and asymptotically stable. O

The following definition introduces the notion of essentially
nonnegative vector fields [12], [31].

Definition 2.3: Let f = [f1,-. .7f£]nT : D — R™, where D
is an open subset of R™ that contains R, . Then f is essentially
nonnegative with respect to I = [T1,...,2,]T, m < m,if

filx) > 0foralls = 1,...,m,and x € Rj_ such that z; =
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0,7 = 1,...,m, where x; denotes the ¢th element of z. f is
essentially nonnegative if f;(x) > 0 foralli = 1,...,n, and
T € ﬁj_ such that z; = 0.

In this paper we consider controlled time-varying nonlinear
dynamical systems of the form

a(t) = f(t, (1)) + Gz(t)u(d),  z(to) = wo,

where z(t) € R™, ¢t > 0, u(t) € R™, ¢t > 0, f : [tg,00) X
R™ — R™ is continuous in ¢ and Lipschitz continuous in z on
[to,00) x R™ and satisfies f(¢,0) = 0,¢ > to, and G : R" —

Rn)(m

t >ty (4)

The following definition and proposition are needed for the
main results of the paper.

Definition 2.4: The nonlinear dynamical system given by (4)
is nonnegative if for every z(0) € Ry and u(t) >> 0,¢ > 0,
the solution z(t), ¢ > 0, to (4) is nonnegative.

Proposition 2.1: Consider the time-varying dynamical
system (4) where f(¢,-) : R® — R"™ is Lipschitz continuous
on R™ for all ¢ € [tg,00) and f(-,z) : [to,00) — R™ is
continuous on [tg,00) for all z € R™. If for every ¢ € [tg, 00),
f : [to,o0) x R™ — R"™ is essentially nonnegative and
G : R™ — R™ ™ is nonnegative, then the solution z(t), t > to,
to (4) is nonnegative.

Proof: The result is a direct consequence of [12, Prop 7.1]
by equivalently representing the time-varying system (4) as an
autonomous nonlinear system by appending another state to
represent time. Specifically, defining y(t — to) = x(t) and
Yn+1(t —1t0) £ ¢, it follows that the solution x(t), t > to, to (4)
can be equivalently characterized by the solution y(7), 7 > 0,
where 7 £ t — tg, to the nonlinear autonomous system

9(7) = f(Ynt1(7),y(7)) + G(y(7))i(7), y(0) =yo
>0 (5)
Unt1(7) =1, yny1(0) = 1o (6)

where ¢(-) and ¢,,+1(+) denote differentiation with respect to 7
and 4(7) £ u(T + to). Now, since ¢;(7) > 0, 7 > 0, whenever
yi(t) =0fori=1,...,n+1,and G(y(7))a(r) >> 0,7 > 0,
the result is a direct consequence of [12, Prop 7.1]. O

It follows from Proposition 2.1 that a nonnegative input signal
G(xz(t))u(t), t > 0, is sufficient to guarantee the nonnegativity
of the state of (4).

III. PARTIAL BOUNDEDNESS AND PARTIAL
ULTIMATE BOUNDEDNESS

In this section, we present Lyapunov-like theorems for par-
tial boundedness and partial ultimate boundedness of nonlinear
dynamical systems. These notions allow us to develop less
conservative ultimate bounds for neuro adaptive controllers as
compared to ultimate bounds derived using classical bounded-
ness and ultimate boundedness notions. Specifically, consider
the nonlinear autonomous interconnected dynamical system

#1(t) = f1(z1(t), 22(t)), £1(0) = @10, t € Luygmay (7)
To(t) = fo(z1(t), 22(t)), 22(0) = w20 (8)
where 1 € D, D C R™ is an open set such that 0 € D,

o € R™, fi : D x R™ — R™ is such that, for every
x9 € R™, f1(0,29) = 0 and f;(-,z2) is locally Lipschitz in

1, fo : D x R™ — R”™ is such that, for every z; € D,
fa(z1,-) is locally Lipschitz in zo, and Z,, |, .., 2 [0, Twyo 200 )
0 < Tayp,200 < 00, is the maximal interval of existence for the
solution (z1(t), z2(t)), t € Ly, 240 t0 (7), (8). Note that under
the previous assumptions the solution (z1(t), z2(t)) to (7), (8)
exists and is unique over Z, 4.,,. For the following definition
we assume that Z,,, ..., = [0, 00).

Definition 3.1:

i) The nonlinear dynamical system (7), (8) is bounded with
respect to x1 uniformly in xoq if there exists v > 0 such
that, for every § € (0, ), there exists ¢ = €(6) > 0 such
that ||z10]] < 6 implies ||z1(¢)|| < &, ¢ > 0. The non-
linear dynamical system (7), (8) is globally bounded with
respect to 1 uniformly in xq if, for every 6 € (0, 00),
there exists e = () > 0 such that ||z10|| < 6 implies
lzi(t)|| < e, t > 0.

ii) The nonlinear dynamical system (7), (8) is ultimately
bounded with respect to x1 uniformly in xo0 with ulti-
mate bound ¢ if there exists v > 0 such that, for every
5 € (0,7), there exists T = T(8,e) > 0 such that
lz10|| < ¢ implies ||z1(t)|| < e, t > T. The nonlinear
dynamical system (7), (8) is globally ultimately bounded
with respect to x1 uniformly in xo9 with ultimate bound
e if, for every 6 € (0, 00), there exists T = T'(6,¢) > 0
such that ||z19]| < 6 implies ||z1(¢)|| < e, t > T.

Note that if a nonlinear dynamical system is (globally)
bounded with respect to 21 uniformly in 220, then there exists
€ > 0 such that it is (globally) ultimately bounded with respect
to 1 uniformly in x5¢ with an ultimate bound e. Conversely, if
a nonlinear dynamical system is (globally) ultimately bounded
with respect to x; uniformly in x5y with an ultimate bound
e, then it is (globally) bounded with respect to z1 uniformly
in w99. The following results present Lyapunov-like theorems
for partial boundedness and partial ultimate boundedness. For
these results define V (z1,25) £ V/(21,x2)f(x1,x2), where
f($17$2) £ [fir(dil,l’g), f;(:vhiﬂz)]T andV : D xR" — R
is a given continuously differentiable function. Furthermore,
let Bs(z), x € R™, § > 0, denote the open ball centered at z
with radius ¢ and let Bs(z) denote the closure of Bs(x).

Theorem 3.1: Consider the nonlinear dynamical system (7),
(8). Assume there exist a continuously differentiable function
V : D x R"™ — R and class K functions «(+), 8(+) such that

a(llorl) <V, w2) < Blllal), 1 € D,wa €R™ (9)

V(xl,xg) <0, z1 €D, |z1||>p, z2€R™ (10)

where 1 > 0 is such that B, —1(,y(0) C D withn > (). Then
the nonlinear dynamical system (7), (8) is bounded with respect
to 1 uniformly in z. Furthermore, for every 6 € (0,7), 219 €
Bs(0) implies that ||z (¢)|| < e, where

e(5) & { a='(B(8)),

a~(n),

and v = sup{r > 0 : B,-1(3(:))(0) C D}. If, in addition,
D = R™ and «(-) is a class K, function, then the nonlinear
dynamical system (7), (8) is globally bounded with respect to
x1 uniformly in 99 and for every z19 € R™, ||z1(¢)]] < &,
t > 0, where ¢ is given by (11) with § = ||z 10|

6 € (1)

5 € (0, ] (b
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Proof: First, let 6 € (0, p] and assume ||z10]] < 6. If
lz1(t)]] < p,t > 0, thenitfollows from (9) that ||z (¢)|| < p <
a Y (B(u) < a~i(n),t > 0. Alternatively, if there exists 1" >
0 such that ||z1(T)|| > u, then it follows from the continuity
of z1(-) that there exists 7 < T such that ||z1(7)|| = p and
lz1(t)|| > u, t € [r,T]. Hence, it follows from (9) and (10)
that:

a([lzo (T ) < V(@1 (T), 29(T)) < V(@ (7), 22(7)) <Ap) <
which implies that ||z1 (T)|| < a~*(n). Next,let 6 € (u,~) and

assume 19 € Bs(0) and ||z10]| > p. Now, for every ¢t > 0 such
that ||z1 ()|| > p, t € [0, 1], it follows from (9) and (10) that

a(llzo(B)[) <V (@1 (t), 22(8)) SV (210, w20) < B(6),

which implies that ||z1()|| < a~%(8(6)), t € [0,1]. Next, if
there exists 7 > 0 such that ||z1(T)|| < u, then it follows as
in the proof of the first case given previously that ||z1(t)|| <
a~Y(n),t > T. Hence, if 219 € Bs(0)\B,,(0), then ||z1(t)]| <
a~Y(B(8)), t > 0. Finally, if D = R™ and «af-) is a class
Ko function it follows that 5(-) is a class K, function and,
hence, v = oo. Hence, the nonlinear dynamical system (7), (8)
is globally bounded with respect to 21 uniformly in x2q. O

Theorem 3.2: Consider the nonlinear dynamical system (7),
(8). Assume there exist a continuously differentiable function
V : D x R" — R and class K functions «(-), 3(-) such that
(9) holds. Furthermore, assume that there exists a continuous,
positive—definite function W : D — R such that W (z1) > 0,
loal > g, and

t>0

V(:I?l,xg) < —W(:El), xr1 € D, Ty € R™?
(12)
where y1 > 0 is such that B, —1(,)y(0) C D withn > 3(u). Then
the nonlinear dynamical system (7), (8) is ultimately bounded
with respect to x; uniformly in zyp with ultimate bound
e 2 o~ !(n). Furthermore, limsup, _,__ ||z1(t)|| < a~1(B(n)).
If, in addition, D = R™ and «(+) is a class K, function, then
the nonlinear dynamical system (7), (8) is globally ultimately
bounded with respect to z; uniformly in x99 with ultimate
bound e.
Proof: First, let 6 € (0,u] and assume ||z10]] < 6.
As in the proof of Theorem 3.1, it follows that ||z1(¢)|| <
a”t(n) = et > 0. Next, let § € (u,7), where
v & sup{r > 0 By-1(3a))(0) C D} and assume
z10 € Bs(0) and ||z10]] > . In this case, it follows from
Theorem 3.1 that ||z1(#)|| < a=*(B(68)), t > 0. Suppose,
ad absurdum, ||z1(t)|| > B71(n), t > 0, or, equivalently,
xl(t) e O = Ba—l(ﬁ((s))(o)\Bﬂ—l(n)(0), t > 0. Since
O is compact and W(-) is continuous and W(z;) > 0,
llz1|| > B~ 1(n) > u, it follows from Weierstrass’ theorem [32,
p. 154] that k = min W (x1) > 0 exists. Hence, it follows

from (12) that:

]l > p,

m165

V($1(t)7$2(t)> S V(JZ107.’1720) — k‘t7 t Z 0 (13)
which implies that
a(laes (B < Blllasoll) — kt < B@) = kt, >0, (14)

Now, letting ¢ > 3(6)/k it follows that «(]|z1(¢)||) < 0 which
is a contradiction. Hence, there exists 7 = T(§,7) > 0
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such that |lz1(T)|| < B7'(n). Thus, it follows from
Theorem 3.1 that ||z1(#)]| < o7 Y(B(B71(n)) = a=(n),
t > T, which proves that the nonlinear dynamical system
(7), (8) is ultimately bounded with respect to x; uniformly
in wyo with ultimate bound ¢ = «~!(n). Furthermore,
limsup,_, . [|[z1(t)|| < a=*(B(w)). Finally, if D = R™* and
a(-) is a class Ko, function it follows that §(+) is a class K
function and, hence, v = oo. Hence, the nonlinear dynamical
system (7), (8) is globally ultimately bounded with respect to
x1 uniformly in x99 with ultimate bound e. O

The following result on ultimate boundedness of intercon-
nected systems is needed for the main theorems in this paper.

Proposition 3.1: Consider the nonlinear interconnected dy-
namical system (7), (8). If (8) is input-to-state stable with x;
viewed as the input and (7), (8) is ultimately bounded with re-
spect to 1 uniformly in x99, then the solution (21 (), z2(t)),
t > 0, of the interconnected dynamical system (7), (8) is ulti-
mately bounded.

Proof: Since (7), (8) is ultimately bounded with respect
to x1 (uniformly in z4g), there exist positive constants € and
T = T(6,¢) such that ||z1(¢)|| < €, ¢ > T. Furthermore, since
(8) is input-to-state stable with z; viewed as the input, it follows
that 25(7T') is finite and, hence, there exist a class JCL function
7(-,-) and a class K function ~(-) such that

le2(®)ll <n(llea(T)E =)+ ( sup_flra (7))

T<r<t

=n(llz2(T)I,t = T) +(e)
<n([lea(T)N,0) +~(e), t2T

which proves that the solution (1(%), z2(t)), t > 0, to (7), (8)
is ultimately bounded. O

15)

IV. NEURAL ADAPTIVE CONTROL FOR NONLINEAR
NONNEGATIVE UNCERTAIN SYSTEMS

In this section, we consider the problem of characterizing
neural adaptive feedback control laws for nonlinear nonnegative
and compartmental uncertain dynamical systems to achieve set-
point regulation in the nonnegative orthant. Specifically, con-
sider the controlled nonlinear uncertain dynamical system G
given by

() = fu(a(t), 2(1) + G(a(t), 2(8))u(t), (0) = o
t>0 (16)
Z(t) = fz(x(t)7z(t))7 Z(0> =20 )

where z(t) € R™,t > 0, and 2(¢t) € R"=, ¢t > 0, are the
state vectors, u(t) € R™, ¢ > 0, is the control input, f, :
R™ x R™ — R" is essentially nonnegative with respect to
« but otherwise unknown and satisfies f..(0,z) = 0, z € R"=,
f : R™ x R™ — R™= is essentially nonnegative with respect
to z but otherwise unknown and satisfies f,(z,0) = 0,2 € R"=,
and G : R™ x R™ — R"=*™ is a known nonnegative input
matrix function. Here, we assume that we have m control inputs
so that the input matrix function is given by

(18)

Gz, 2) = |:Ban(:E,z)]

O(nw —m)Xm
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where B, = diag[by, ..., by,,] is a positive diagonal matrix and
G, : R x R" — R™*™ is a nonnegative matrix function
such that det G, (z, 2) # 0, (z,z) € R™ x R™:. The control
input u(+) in (16) is restricted to the class of admissible controls
consisting of measurable functions such that u(t) € R™, ¢ > 0.
In this section, we do not place any restriction on the sign of the
control signal and design a neuro adaptive controller that guar-
antees that the system states remain in the nonnegative orthant
of the state—space for nonnegative initial conditions and are ul-
timately bounded in the neighborhood of a desired equilibrium
point.

In this paper, we assume that f,.(-, ) and f. (-, -) are unknown
functions with f,.(-,-) given by

where A € R"=*"= is a known essentially nonnegative matrix
and Af : R"* x R"* — R"™= is an unknown essentially nonneg-
ative function with respect to x and belongs to the uncertainty
set F given by

F={Af:R" xR" — R" :
Af(z,2z) =Bd(x,2), (x,2z) € R™ x R"=} (20)
where B £ [Bu,OmX(n_m)]T and § : R™ x R": — R™ is
an uncertain continuous function such that §(x, z) is essentially
nonnegative with respect to  and ¢’(z, z) is bounded for all
(2,2) € Dey X De... Furthermore, we assume that for a given
ze € RY" there exist z. € Rj_: and u, € RT such that

0=Azxe + Af(Te, 2e) + G(Zo, 2o) e
0 =f.(2e, 2e)-

21
(22)

In addition, we assume that (17) is input-to-state stable at z(¢) =
ze with z(t) — z. viewed as the input; that is, there exist a class
KL function 7(-, ) and a class K function 7(-) such that

12(t) — 2l < n(llz0 — zell ) + (p lao(r) — xou) 430

o (23)

where || -|| denotes the Euclidean vector norm. Unless otherwise
stated, henceforth, we use || - || to denote the Euclidean vector
norm. Note that (7., z.) € R}" x R 4 isan equ111br1um point
of (16), (17) if and only if there exists ue € R+ such that (21),
(22) hold. Furthermore, we assume that for a given €7 > 0,
the ith component of the vector function (z, z) — 6(xe Ze) —
G (T 2e)Ue can be approximated over a compact set D, X
D.. C Ri X [R’Z * by a linear in the parameters neural network
up to a desired accuracy so that for : = 1,...,m, there exists
ei(+, ) such that |e;(z, 2)| < €F, (z,2) € Dm X D, and

6i($7 z) —61‘(330, ZC) - [Gn(xov Zc)uo]i = WiTO—i(xv Z)+€i(w7 z)

(2,2) € Dey X Doy (24)

403

where W; € R%,4 = 1,...,m, are optimal unknown (constant)
weights that minimize the approximation error over D, X D,
o; : R™ x R"= R%,+ = 1,...,m, are a set of basis
functions such that each component of o;(+, -) takes values be-
tween 0 and 1 and o/(z, 2), (2,2) € D¢y X De., is bounded,
€ : Dep X Do, — R, ¢ = 1,...,m, are the modeling errors,
and ||W;|| < wf, where w}, i = 1,...,m, are bounds for the
optimal weights W;, 4 =1,...,m. Since f,(-, ) is continuous,
we can choose 0;(+,+), 4 = 1,...,m, from a linear space X of
continuous functions that forms an algebra and separates points
in D., X D.,. In this case, it follows from the Stone-Weier-
strass theorem [32, p. 212] that X is a dense subset of the set of
continuous functions on D, X D... Now, as is the case in the
standard neuro adaptive control literature [6], we can construct
the signal u,q; = WiToi (z, z) involving the estimates of the
optimal weights as our adaptive control signal. However, even
though W o;(z,z), i = 1,...,m, provide adaptive cancella-
tion of the system uncertainty, it does not necessarily guarantee
that the state trajectory of the closed-loop system remains in
the nonnegative orthant of the state space for nonnegative ini-
tial conditions. To ensure nonnegativity of the closed-loop plant
states, the adaptive control signal is assumed to be of the form
WT6i(x,2),i = 1,...,m, where 6; : R™ x R™ — R is
such that each component of 6;(-,-) takes values between 0 and
1, 6i(x, 2), (x,2) € Dy X De., is bounded, and &;(z,z) = 0
whenever z; = 0 for all 2+ = 1,...,m. This set of functions
do not generate an algebra in X and, hence, if used as an ap-
proximator for é;(-,-), ¢ = 1,...,m, will generate additional
conservatism in the ultimate bound guarantees provided by the
neural network controller. In particular, since each component
of o;(-,-) and &;(-, -) takes values between 0 and 1, it follows
that:

—

loi(2,2) — 6:(2, 2)|| < /5, (3,2) € Doy X Do

1=1,...,m. (25)
This upper bound will be used in the analysis of Theorem 4.1 in
the following.

For the remainder of the paper we assume that there exists
a gain matrix K € R™*"= such that A + BK is essentially
nonnegative and asymptotically stable, where A and B have the
forms of (3) and (2), respectively. Now, partitioning the state in
(16) as = = [z],23]", where z; € R™ and x5 € R"=~™, and
using (18), it follows that (16) and (17) can be written as

E1(t) = A1121(t) + Ar222(t) + Af(21(t), 22(1), 2(1))
+ BuGrn(x1(t), 22(t), 2(t)u(t), z1(0)=z1y
t>0 (26)
E2(t) = Ag1z1(t) + A2222(t), x2(0) = 29 27
2(t) = f(z1(t), z2(2), 2(¢)), 2(0) = 2. (28)

Thus, since A + BK is essentially nonnegative and asymp-
totically stable, it follows from Theorem 2.1 that the solution
T2(t) = 22, € RY*™™ of (27) with z1(t) = 21, € RY,
where x1, and zs, satisfy 0 = As171, + Ag279,, is globally
exponentially stable and, hence, (27) is input-to-state stable at
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x2(t) = xo. with 21 (t) — 21, viewed as the input. Thus, in this
paper we assume that the dynamics (27) can be included in (17)
so that n,, = m. In this case, the input matrix (18) is given by

G(z,2) = ByGn(z,2) (29)

so that B = B,,. Now, for a given desired set point (z., z.) €
R x ﬁiz and for given €;,e; > 0, our aim is to design a
control input u(t), ¢ > 0, such that ||z(t) — z.|]| < € and
[|2(t) — zo|| < € forallt > T, where T' € [0, 00), and z(t) >>
0 and z(t) >> 0 forall t > 0 and (z9,2)) € R," x R} .
However, since in many applications of nonnegative systems
and in particular, compartmental systems, it is often necessary
to regulate a subset of the nonnegative state variables which
usually include a central compartment, here we only require that
lz(t) — ze|| < €1,t > T

Theorem 4.1: Consider the nonlinear uncertain dynamical
system G given by (16) and (17) where f.(-,-) and G(-,-) are
given by (19) and (29), respectively, f.(-,-) is essentially non-
negative with respect to x, f.(-,-) is essentially nonnegative
with respectto z, and A f(+, -) is essentially nonnegative with re-
spect to - and belongs to 7. For a given z. € R'}” assume there
exist nonnegative vectors z, € ﬁrf and u. € ﬁi’ such that (21)
and (22) hold. Furthermore, assume that (17) is input-to-state
stable at z(¢) = 2z, with z(t) — z, viewed as the input. Fi-
nally, let K € R™*"= be such that —K is nonnegative and
As 2 A+ B K is essentially nonnegative and asymptotically
stable, and let ¢; and v;, ¢ = 1,...,n,, be positive constants.
Then the neural adaptive feedback control law

ult) = G, (1), 2(0) [K (0(t) = we) = W ()5 (a(t), 2(1))]

(30)
where  WT(t) 2 block-diag[W{(t),..., WL (#)],
Wi(t) e R, ¢t > 0, 4 = 1,...,n, and
6(z,2) £ [67(z,2),...,60 (2,2)]T with 6;(z,2z) = 0
whenever z; = 0,7 = 1,...,n,, with update law

Wi(t) =qi [(xi(t) — 2;)0(2(t), 2(1))
— Wl PV (w(t) - xo)IIWi(t)} W;(0)=Wio

1=1,...,n, (31)

where P £ diag[py,...,pn,] > O satisfies
0=ATP+PA+R (32)
for a positive—definite matrix R € R"*"=  guaran-

tees that there exists a compact, positively invariant set
D, C ﬁi’” X ﬁiz x R$*"= guch that (ze, 2o, W) € Da,
where W € R®*™= and the solution (x(), z(t), W(t)), t > 0,
of the closed-loop system given by (16), (17), (30), and (31)
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Neuro adaptive controller Plant

Internal dynamics
(z-dynamics)

Controlled dynamics | | %
(2-dynamics)

Fig. 1. Block diagram of the closed-loop system.

is ultimately bounded for all (z(0), z(0), W(0)) € D, with
ultimate bound || PY/?(x(t) — x.)|| < &,t > T, where

y 2 ng U}T v 2
7 (Amin(RP—l)) i ; <2\/q_ Ty 2qm> o

di = ¢i/pibi, and

1

- = 1
A 2/ % *\2 *2
v=2 ibj (€7 + V/siw; + —pibiviw; . (34
nglp (€7 + Vsiwy) i§=1 5Pibiy (34)

Furthermore, x(t) >> 0 and z(¢) >> 0 for all ¢ > 0 and
(ZE().,Z()) S ﬁim X ﬁi:
Proof: The proof is given in the Appendix. ]

Remark 4.1: In the case where the neural network approx-
imation holds in R™ x R™=, the assumptions ﬁn C ﬁa and
D. C D.. invoked in the proof of Theorem 4.1 given in the
Appendix are automatically satisfied. Furthermore, in this case
the control law (30) ensures global ultimate boundedness of the
error signals. However, the existence of a global neural network
approximator for an uncertain nonlinear map cannot in general
be established. Hence, as is common in the neural network lit-
erature, for a given arbitrarily large compact set D, X D., C
R"™» x R™=, we assume that there exists an approximator for the
unknown nonlinear map up to a desired accuracy. This assump-
tion ensures that in the error space D, (see the Appendix) there
exists at least one Lyapunov level set such that 15,, C Dy.In
the case where 6(+,-) is continuous on R™= x R™=, it follows
from the Stone-Weierstrass theorem that (-, -) can be approxi-
mated over an arbitrarily large compact set D..,, X D... In this
case, our neuro adaptive controller guarantees semiglobal ulti-
mate boundedness; that is, D, can be arbitrarily increased. An
identical assumption is made in the proof of Theorem 5.1 given
in the Appendix.

A block diagram showing the neuro adaptive control ar-
chitecture given in Theorem 4.1 is shown in Fig. 1. It is
important to note that the adaptive control law (30), (31) does
not require the explicit knowledge of the optimal weighting
matrix W and constants (., z.) and u.. All that is required
is the existence of the nonnegative vectors z, and u. such
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that the equilibrium conditions (21) and (22) hold. Further-
more, in the case where B,, is an unknown positive diagonal
matrix, we can take the gain matrix K to be diagonal so that
K = diag[—k1,...,—k,,], where k;, ¢ = 1,...,n,, are
positive. In this case, taking A in (19) to be the zero matrix, Ag
is given by Ay = diag[—bik1,...,—by, ky, ] which is clearly
essentially nonnegative and asymptotically stable. Further-
more, any P = diag[pi,...,pn,] satisfies (32). Finally, it is
important to note that the control input signal u(t), ¢ > 0, in
Theorem 4.1 can be negative depending on the values of z(t),
z(t), and W (t), t > 0. However, as is required for nonnegative
and compartmental dynamical systems the closed-loop plant
states remain nonnegative.

Next, we generalize Theorem 4.1 to the case where the input
matrix is not necessarily nonnegative. For this result row;(K)
denotes the ith row of K € R"=*"=,

Theorem 4.2: Consider the nonlinear uncertain dynamical
system G given by (16) and (17) where f.(-,-) and G(-,")
are given by (19) and (29), respectively, (with G(z,z) not
necessarily nonnegative) f, (-, -) is essentially nonnegative with
respect to z, f.(-,-) is essentially nonnegative with respect
to z, and Af(-,-) is essentially nonnegative with respect to z
and belongs to F. For a given z. € R assume there exist
a nonnegative vector z, € RZ_ and a vector u. € R™= such
that (21) and (22) hold with f,(z.,z.) << 0. Furthermore,
assume that (17) is input-to-state stable at z(t) = z. with
x(t) — x. viewed as the input. Finally, let K € R"=*"=
be such that (sgnb;)row;(K) << 0,4 = 1,...,n,, and
As 2 A + B.K is essentially nonnegative and asymptotically
stable, and let ¢; and ~y;, 2 = 1,...,n;, be positive constants.
Then the neural adaptive feedback control law (30), where

WT(t) £ block-diag[W{(t),..., W, ()], Wi(t) € R*,
t>0,i=1,...,np,and6(z,2) = [67 (z,2),....67 (2,2)]T
with 6;(z, z) = 0 whenever z; = 0,4 = 1,...,n,, with update
law

Wi(t) = (sn bi)ai | (wi(t) — wei)i((8), 2(1))

— 3l P2 (1) = 2e) [Wi(h)]| - Wi(0)=Wia
i=1,...,m, (35)
where P 2 diag[py,...,pn,] > 0 satisfies (32), guar-

antees that there exists a compact, positively invariant set
D, C Ry x Ry x R*" such that (e, %, W) € Da,
where W € R**™= and the solution (z(t), z(t), W (t)), t > 0,
of the closed-loop system given by (16), (17), (30), and (35)
is ultimately bounded for all (z(0),z(0), W(0)) € Dq with
ultimate bound ||PY/2(x(t) — z.)|| < &, t > T, where ¢ is
given by (33). Furthermore, :(¢) >> 0 and z(¢) >> 0 for all
t > 0and (z9,20) € ﬁi’ X ﬁj_

Proof: The proof is identical to the proof of
Theorem 4.1 given in the Appendix with @ replaced by

Q = diag|a1/(palb]). -, /(P [ )] O

Finally, in the case where B, is an unknown diagonal matrix
but the sign of each diagonal element is known, we can take the
gain matrix K to be diagonal so that K = diag[k1,...,kn, ]
where k; is such that (sgnb;)k; < 0,4 = 1,...,n,. In this
case, taking A in (19) to be the zero matrix, As is given by

Ag = diag[biky, - .., bn, kn, ] which is essentially nonnegative
and asymptotically stable.

V. NEURAL ADAPTIVE CONTROL FOR NONLINEAR
NONNEGATIVE UNCERTAIN SYSTEMS WITH
NONNEGATIVE CONTROL

As discussed in the Introduction, control (source) inputs of
drug delivery systems for physiological and pharmacological
processes are usually constrained to be nonnegative as are the
system states. Hence, in this section, we develop neuro adap-
tive control laws for nonnegative systems with nonnegative con-
trol inputs. Specifically, for a given desired set point (z., z.) €
R’* x R;* and for given €1, €3 > 0, our aim is to design a non-
negative control input u(t), ¢ > 0, such that ||z(t) — || < €;
and ||z(t) — ze|| < ez forall ¢ > T, where T € [0,00),
and z(t) >> 0 and z(¢t) >> 0 for all t > 0 and (z,20) €
R’ x R'}*. However, since in many applications of nonnega-
tive systems and in particular, compartmental systems, it is often
necessary to regulate a subset of the nonnegative state variables
which usually include a central compartment, here we only re-
quire that ||z (t)—z.|| < €1,t > T.Furthermore, we assume that
we have m independent control inputs such that the input matrix
function is given by G(z,2) = diaglg:(z,2),- .., gm(z, 2)],
where g; : R"* xR"* — R;,7=1,...,m.For compartmental
systems this assumption is not restrictive since control inputs
correspond to control inflows to each individual compartment.

Theorem 5.1: Consider the nonlinear uncertain dynamical
system G given by (16) and (17) where f.(-,-) and G(-,-) are
given by (19) and (29), respectively, A is essentially nonnega-
tive and asymptotically stable, f, (-, -) is essentially nonnegative
with respect to , f. (-, -) is essentially nonnegative with respect
to z,and A f(-, ) is essentially nonnegative with respect to  and
belongs to 7. For a given z. € R’}* assume there exist positive
vectors z. € R'})* and u. € R'}" such that (21) and (22) hold
and the equilibrium point (., z.) € R’ x R'}* of (16), (17) is
globally asymptotically stable with u(t) = u.. Furthermore, as-
sume that (17) is input-to-state stable at z(t) = z, with z(t) — .
viewed as the input. Finally, let ¢; and v;,7 = 1, ..., n,, be pos-
itive constants and k;, ¢ = 1, ..., n,, be nonpositive constants.
Then the neural adaptive feedback control law

u;(t) = max{0,4;(t)}, i=1,...,n, (36)
where
@(t) = a7 (0(8), 2(0) [i(wi(t) - way)
—WiT(t)ai(m(t),z(w)] i=1,....n. (37)

and W;(t) € R*,t > 0,i=1,...,n,, with update law

Wilt) = ai [(@i(t) = zes)or (2 (2), 2(1))
— P2 (a(t) =z [Wilh)]| Wil0)=Wio

1=1,...,ny (38)

where P £ diag[py,...,pn,] > O satisfies
0=A"P+PA+R (39)
for a positive-definite matrix R € R"*"=  guaran-

tees that there exists a compact, positively invariant set

Do C R} x R x R**" such that (ze,z., W) € Da,
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where W € R**"™= and the solution (z(t), z(t), W (t)), t > 0,
of the closed-loop system given by (16), (17), (36), and (38)
is ultimately bounded for all (z(0), z(0), W(0)) € D with
ultimate bound ||P1/2( (t) — xeo)|| < &,t > T, where

(i)

+Z[ (\/W w—)+ -

4, i 2qivi

g >

251/2
} (40

¢i = qi/pibi, and

" 1/2
vE <Z pib?5f2)
i=1

- * qi"i b; Sz ;k 2
+;[2bi,/—pisiwi 1 q) |- @
Furthermore, w(t) >> 0, z(¢t) >> 0, and z(¢) >> 0 for all

t > 0and (z9,20) € ﬁif X ﬁi‘.
Proof: The proof is given in the Appendix. ]

In Theorem 5.1 we assumed that the equilibrium point
(Ze,2e) Of (16), (17) is globally asymptotically stable with
u(t) = wue. In general, however, unlike linear nonnegative
systems with asymptotlcally stable plant dynamics, a given
set point (Ze, ze) € [ I R for the nonlinear nonnegative
dynamical system (16), (17) may not be asymptotlcally stabi-
hzable with a constant control u(t) = Ue € IR . However, if
(&) &2 [fX(z,2), fT(z,2)]", where & = [J:T, 2T]T, is homo-
geneous, cooperative; that is, the Jacobian matrix 0 f(%)/0% is
essentially nonnegative for all Z € ﬁn” “ [33], the Jacobian
matrix 9f(&)/0% is irreducible for all & € ﬁ"” " 133], and
the zero solution #(t) = 0 of the undlsturbed (u(t) = 0)
system (16), (17) is globally asymptotically stable, then the set
point (e, z.) € R: X R+ satisfying (21), (22) is a unique
equilibrium point with u(t) = . € [R’Z;? and is also asymptoti-
cally stable for all (g, z) € Ry~ x R'," [34]. This implies that
the solution (z(t), 2(t)) = (e, 2e) to (16), (17) with u(t) = u.
is asymptotically stable for all (z¢, z9) € ﬁj_” X ﬁ:

It is important to note that unlike Theorem 4.1, Theorem 5.1
does not require that the set of basis functions o;(+,), i =
1,...,n., be essentially nonnegative nor satisfy o;(z,z) = 0
whenever z; = 0,7 =1, ..., n,. This is due to the fact that the
control input is constrained to be nonnegative and, hence, the
neuro adaptive controller given by Theorem 5.1 cannot destroy
nonnegativity of the closed-loop plant states.

VI. NEURAL ADAPTIVE CONTROL FOR CONTINUOUS
STIRRED TANK REACTORS

In this section, we apply the proposed neuro adaptive control
framework to temperature regulation of chemical reactors. In
particular, we consider a perfectly mixed, continuously stirred
tank reactor shown in Fig. 2 involving a single, first-order
exothermic (i.e., energy releasing) irreversible reaction A — B.
The model involves fluid streams that are continuously fed and
removed from the reactor. Since we assume perfect mixing
in the reactor, the exit stream has the same concentration
and temperature as the reactor fluid. Furthermore, the jacket
surrounding the reactor is assumed to be perfectly mixed and
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Fig. 2. Exothermic continuously stirred tank reactor.

at a lower temperature than the reactor. In this case, energy (in
the form of heat) transfers through the reactor walls into the
jacket, removing the heat generated by the reaction. A mass
and energy balance of the reactor, assuming constant volume,
heat capacity, and density, yields [35]-[38]

Calt) = = (Car = Ca(0) = r(T(0), Ca (1)
Ca(0)= Cay, 10 (42)
7(0) = F (11 = 7(0) = (=220 ) 1700 0 0)
PR -, TO=Ty @)

Vpcp
where C (+) is the concentration of reactant A in the reactor ef-
fluent in mols/liter, C's¢ is the concentration of reactant A in
the feed stream in mols/liter, T'(-) is the reactor temperature
in degrees Kelvin, Tj(-) is the jacket temperature in degrees
Kelvin, 7% is the feed temperature in degrees Kelvin, F' is the
constant feed flow rate in liters/min, V is the reactor volume
in liters, —AH is the heat of reaction in Joules/mol, p is the
density in grams/liter, c,, is the specific heat in Joules/(gram -
Kelvin), U A is the heat transfer term in Joules/(min -Kelvin),
and (7T, C4) is the rate of reaction satisfying Arrhenius’ law
given by

7(T,Cp) = koOpe 2E/ET (44)
where kg is the rate constant in min~!, AFE is the activa-
tion energy in Joules/mol, and R is the ideal gas constant in
Joules/(mol - Kelvin).

Due to the exponential nonlinearity in 7(7', C), the non-
linear kinetic (42), (43) can exhibit multiple equilibria, limit cy-
cles, and chaos for fixed jacket temperatures. Here, our control
objective is to regulate the reactor temperature 7'(-) to a pre-
scribed set point T, by controlling the jacket temperature Tj(-).
Note that with z = T, z = Cj, and v = Tj, (42) and (43) can
be written in state-space form (16) and (17) with

fe(z,2) = — (a1 + a3)x + agr(z,2) + a1d (45)
fo(x,2) = —a1z — r(x, 2) + a9 (46)
G(z,z)=b 47
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TABLE 1
SYSTEM PARAMETER VALUES [39]

Variable Value

UA 5 x 10" J/min K

Ca 0.5 mol/¢

Car 1 mol/¢

¢ 0.239 J/gK

F 100 ¢/min

ko 7.2 x 10" min~!

T 350 K

T; 350 K

v 100 £
AFE/R 8750 K
(—AH) 5x10% J/mol

p 1000 g/¢

where a1 = F/V, ag = (F/V)Cas, a3 = b = UA/V pey,
as = AH/pcy, and d = T;. Note that f,(z,2) and f.(z, z)
are essentially nonnegative with respect to  and z, respectively
and, hence, it follows from [12, Prop. 7.1] that the state tra-
jectory of (42) and (43) remain in the nonnegative orthant of
the state—space for nonnegative initial conditions and a nonneg-
ative input. We assume that there exists an equilibrium point
(Te, 2¢) € Ry x Ry so that (21) and (22) are satisfied [37]. Fur-
thermore, we assume that the system kinetics are uncertain with
respect to the temperature as well as a1, as, a3, aq, b, and d are
uncertain parameters.

To see that (43) is input-to-state stable with 7°(+) viewed as
the input, define e, (t) = x(t) — z. and e.(t) 2 z(t) — z so
that fz(eza ez) = fz(ez + Ze, €2+ Ze) - fz(xen Ze) is given by
Felen,e2) = —ares — koe A/ Blertrele,

oz (67AE/R(eI+me) _ efAE/Rme) . 48)

Now, defining V.(e.) = (1/2)e? and noting that
(e‘AE/R(eer-Tez) - e_AE/R””ﬂ) is bounded, it follows that

Vz,(eZ)fZ(erv 62)

< —aye’ — koze (e—AE/R(em+me) _ e—AE/R.T,e) .

< = el [a1||ez|| — koze ||e~AB/Rleatae) _ ,~AE/Rae }

<0, fleal) > B0 ||omaE/Re ) _ maE/ma| g0)
ay

which shows that é.(t) = f.(e4(t),e.(t)), t > 0, is input-to-
state stable with e, viewed as the input. Hence, it follows from
Theorem 5.1 that the adaptive feedback controller (36) with up-
date law (38) guarantees that the closed-loop system is ulti-
mately bounded and, hence, there exist positive constants € and
T such that [T'(t) — Te| < &,t > T, for all (uncertain) positive
system parameters a1, ..., a4, b, d, and all (uncertain) contin-
uous rate of reaction (-, -).

For our simulation, we choose the system parameters given
in Table I. With 7, = 375 K, k; = —14

o1(xz,2) = [ 1 L

1 1 T
a = 0.5, q1 = 20,y = 0.01, and initial conditions Ca(0) =
0.5 mol/¢, T(0) = 350 K, and W(0) = 0 K, Fig. 3 shows the
state trajectories (i.e., reactor temperature and concentration of
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Fig. 3. State trajectories (reactor temperature and concentration of reactant A)
and control signal (jacket temperature) versus time.
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Fig. 4. Neural network weighting functions versus time.

reactant A) versus time and the control signal (i.e., jacket tem-
perature) versus time. Finally, Fig. 4 shows the neural network
weight history versus time.

VII. CONCLUSION

Nonnegative and compartmental systems are widely used
to capture system dynamics involving the interchange of mass
and energy between homogenous subsystems or compartments.
In this paper, we developed a neural adaptive control frame-
work for adaptive set-point regulation of nonlinear uncertain
nonnegative and compartmental systems. Using Lyapunov-like
methods the proposed framework was shown to guarantee
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ultimate boundedness of the error signals corresponding to
the physical system states and the neural network weighting
gains while additionally guaranteeing the nonnegativity of the
closed-loop system states associated with the plant dynamics.
We then generalized our neuro adaptive controller to address
the problem of nonnegative systems with nonnegative control
inputs. This generalization is crucial for physiological, pharma-
cological, and chemical processes as control inputs are usually
constrained to be nonnegative.

APPENDIX

To prove Theorem 4.1, note that with u(t), ¢ > 0, given by
(30) it follows from (16), (19), and (29) that:
i(t)=Aw(t) + Af(x(t), 2(t)) + BuK (2(t) — we)

—BWT()6(x(t), 2(t)), z(0)=z, t>0. (50)

Now, defining e, (t) £ 2(t) — . and e.(t) £ z(t) — z, using
(20)—(22), and noting that A; = A+ B, K, it follows from (17)
and (50) that:

€x(t) = Ases(t) + Aze + Af(2(t), 2(1))
— BJWT ()6 (x(1), 2(1))
= Asea(t) + Bul6(2(t), 2(2)) — 8(ze, zc)
— G(e, ze)ue = W (t)o(w(t), 2(1))]
+ BT ()0 (x(t), 2(t) — 6 (x(t), 2(1))],
e:(0)=z9g — zo, t>0 51
and
éz(t) = fz(em(t)7 ez(t>)7 ez(o) =20 — Ze (52)

where f.(ex,e.) 2 f.(es + Te €2 4 2e) — f-(Te,2e) and
o(z,z) £ [6T(z,2),... ,ox (w,2)]7T is a basis function satis-
fying (24). Furthermore, since A is essentially nonnegative and
asymptotically stable, it follows from [12. Th. 3.3] that there
exist a positive diagonal matrix P = diag[p1,...,pn,] and a

positive—definite matrix R € R™=*"= such that (32) holds.
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Next, to show ultimate boundedness of the closed-loop
system (31), (51), and (52) consider the Lyapunov-like function

V(ew, e, W) = el Pe, + tr WQWT (53)
where  Q £ diag [@17 ey @nz} =
diag|q1/pib1, - dn. [pnba, | W) 2 W) = W,
and W' 2 block-diag[W;",...,W,']. Note that
(53) satisfies (9) with = [e;f,WlT...,WEI]T,
w2 = e afnall) = Blzal) = |lzafl?, where

l|lz1]]? £ elPe, + tr WQ—'WT. Furthermore, a(||z1]|) is
a class Ko, function. Now, letting e, (t), t > 0, denote the
solution to (51) and using (24), (25), and (31), it follows that
the time derivative of V(e,,e., W) along the closed-loop
system trajectories is given by (54), shown at the bottom of the
page. Next, completing squares yields
Viea(t), e=(1), W(t))
< = ep () Rea(t) + 2| P e (t)]]

N 1/2
: (Zpib?(ei + Siw?)2>
i=1

=3 2pibil | P 2en (8) [ W (6 Wi(t)

i 1

- Z 2pibinyil| P e (4)[ WS (6) Wi

=1
< = Amin(RP1)[|PY2e,(1)]?
N 1/2
+2 (Zpib?(es? - \/s—iw;-*)z) [P 2e(t)]|

=S 2pibidill P e Ol a7 O

=1

V(ea(t), e=(t), W(t))
—2.T(1)P [Asex(t) + Bul8(x(t), 2(t)) — 6(we, 2)
- Gn(xm Ze)ue

= Rez + Z 2p1b ezL |:

+ Z 2p;b; ezz

+ Z 2pib; Wt (t) [%i(t)&i(x(t), 2(t)) = il PY* ((t) -

i=1

= (t)Re(t

+ Z 2p;b; Ez

= 22p1 il PY e () IWHE (6 Wi(t).

i=1

1 2(t))exi(

— WT(t)o(x(t), 2(t)] + BaW T (t)[o(x(t), (1)) — 6(x(t), z(t))]] + 260 W (H)Q™IW (1)
W (0)i((8), 2(1)) + es(a(t), 2(1) |

Wi (B)loi(x(t), 2(t)) — Gi(a(t), 2(1))]

z)[Wi(0)]

t)+ Z 2pibicsi ()W [03(w(t), 2(1)) = Gi(w(?), 2(1))]

=1

(54)
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= ~ " —1/2
+ 37 2ibifaviw? || P 2ea ()W)
=1

= ”Pl/zer(t)n[_)‘min(RP_l)HPl/zer(t)n
N 1/2
+2 (Zpib?@: + ﬁiw:)?)
=1
A—1/2+%
= Zmu PWin))?
30 207 e 67 W)
=1
= |PY2es ()| [~ Amin(RP )| P e, 1)
e 1/2
+2 <szbz2(6f + \/wa)Q)
=1
~ e1/2%
= 3" 200 ld; Wil -
=1

ng 1 .
+ Z ipibi%wi 2]
i=1

<PV 2ea (o)) [—)\min(RP_l)IIPI/Zem(t)||

*

w; r
2Vqi

—1'2“[ i, ——1} } 55
> 2au[la Wl - 5] +0] 09
where v is given by (34). Now, for
PY2¢, || > Y 2 . 56
1P} > s 2o (56)
or
TP > et [ LR i=1,. . n, (5T
|| || \/— 2%% I’Vi’ Y )
it follows that V(em( ), e (t), W (t)) < 0 for all t > 0; that
is, V(em( ),ex(t), W(t)) < 0 for all (ex(t),e.(t), W(t)) €
D \D and t > 0, where
D2 {(ez7ez,W)€R"” x R™ x R¥%"= .y € DC_,} (58)

D, 2 {(em,ez,W)eR"I x R™ x R*X7=

||})1/2er

<O[w ||A_1/2W|| <aW7 'L:l//nm}

Next, define
D, 2 {(em7ez,W) € R™ x R" x R**"=
V(ew, ., W) < a} (60)

where « is the maximum value such that @a - @e, and define
D, 2 {(em,ez,W) € R™ x R": x R**"=

:V(eae W) <} (6)
where .
n>Bp)=p=al+y af
v 2i:1nz 7 2
= (i) 2 o ] @

To show ultimate boundedness of the closed loop system (31),
(51), and (52), assume? that f),, c D (see Flg 5). Now,
since V(eg, e, W) < 0 for all (e, ez,W) € D.\D, and
f)r C f)a, it follows that ﬁa is positively invariant. Hence, if
(€2(0),e.(0),W(0)) € D,, then it follows from Theorem 3.1
that the solution (e, (t), e.(t), W(t)), t > 0, to (31), (51), and
(52) is bounded with respect to (e, W) uniformly in e (0)
and, hence, ultimately bounded with respect to (e, W) uni-
formly in e (0). To show that [|[PY/?(z(t) — z.)|| < e, t > T,
note that D,, is also positively invariant and, hence, if there
exists t* > 0 such that (e, (t*),e.(t"), W(t*)) € D,, then
(ex(t*),e.(t*), W(t*)) € D,, t > t*. Alternatively, suppose
the solution (e, (t), e (t), W( )) t > 0, to (31), (51), and (52)
remains in D, \f)n. In this case, the Lyapunov-like function
(53) is nonincreasing. Furthermore, it follows from (54) that
(63), shown at the bottom of the next page, where

B(a(t), 2(0)) = 90 (a(0), 2(0)i(0) + 9o (w(1), 2(1)2(1)

A (64)
Hr(1),2(1)) = S (r(1), (1) + O (2 (1), 2(1)) (1)
(65)

Note that since ¢’(z, z) and 6'(w, z) are bounded and the state
trajectory (e, (t), e (t), W(t)) is bounded, it follows from (31),

2This assumption is standard in the neural network literature and ensures that
in the error space D. there exists at least one Lyapunov level set D, C D..
In the case where the neural network approximation holds in R™= X R™=, this
assumption is automatically satisfied. See Remark 4.1 for further details.

T(t)P[Bu[5(w(t), 2(1) = W ()5 (w(t), 2(t)) —

—WTt)e(2(t), z(t))]]

W ()5 (a(t), 2(0)]]

- Zzpzb W, (1) eas (163 (4), 2(0)) — il P2 (1) W5 (0)

(63)
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(51), (52) that é,(t), é(t), W (t) are also bounded and, hence,
V(ex(t), e-(t), W(t)) is bounded. Thus, it follows from Bar-
balat’s lemma [40, p. 192] that V (e, (), e.(t), W(t)) — 0 as
t — o0. Now, it follows from (55) that, since the quantity in
the brackets in the right-hand side of (55) is strictly positive in
D \D,, ||P/?e.(t)]| — 0ast — oo. Hence, in either case,
there exists 7' > 0 such that |[PY/?(z(t) — z.)|| < e, t > T,
with e = a~(n) = /i which yields (33).

Next, since (52) is input-to-state stable with e, viewed
as the input, it follows from Proposition 3.1 that the solu-
tion e.(t), t > 0, to (52) is ultimately bounded and, hence,
the solution (x(t),z(t), W(t)), t > 0, of the closed-loop
system (16), (17), (30), and (31) is ultimately bounded for all
(2(0), z(0), W(0)) € D,. Furthermore, it follows from [41,
Th. 1] that there exist a continuously differentiable, radially
unbounded, positive—definite function V. : R”* — R and class
K functions v1(+), v2(-) such that

‘/Z(ez).fz(ez7 62) S —%(Hez”);

lle]l > (1P e )

(66)
Since the upper bound for || P/2¢,||? is given by «, it follows
that the set given by:

D, 2 {ZE R : V.(z — zo) <

max V.(z — ZO)}
llz—zell=72 (V)

(67)
is also positively invariant as long as® D, C D... Now, since

ﬁa and D, are positively invariant, it follows that:

D, 2 {(:c,z,W) € R™ x R™ x R%*"=

:(a:—xe,z—ze,W—W) Eﬁa,ZEDZ} (68)

is also positively invariant.
Finally, to show that 2:(¢) >> 0 and 2(¢) >> 0,¢ > 0, for

all (xo,20) € ﬁi’ X ﬁﬁf note that the closed-loop system (16),
(30), and (31), is given by

&(t) = fo(a(t), 2(t) + BuK (x(t) — zc)

— BJW T (1)5(2(t), 2(1))
=(A + BuK)x(t) + Af(x(t), 2(1))
— B,WT(1)5(a(t), (1) — BuK e

= f(t,2(t),2(t)) + v, @(0) ==, t>0 (69)

where
(t z,2) 2 (A+ ByK)x + Af(x,z) — B WT( 6 (z, 2)
v& - B,Kz.

Since f(t,x,z),t > 0, is essentially nonnegative with respect
to 2 pointwise-in-time, f(z, z) is essentially nonnegative with
respect to z, and v >> 0, it follows from Proposition 2.1 that

x(t) >> 0,¢t > 0,and z(t) >> 0,¢ > 0, for all (z¢,2z0) €

—ng

R, x [R : |
To provq Theorem 5.1, first define W[ (¢) =
block-diag[W5 (t),..., W, (1))  and K, =
diag[ku1, - - kun, s where
o, if i5(t) < 0,
Wui(t) = {M(t), otherwise, L., (70)
[0, ifat) <o,
Fui = { k;, otherwise, Looima 71

3See Remark 4.1.

IEEE TRANSACTIONS ON NEURAL NETWORKS, VOL. 16, NO. 2, MARCH 2005

7

7

7

Fig. 5.

S
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Visualization of sets used in the proof of Theorem 4.1.

Next, note that with u(t), t > 0, given by (36) it follows from
(16), (19), and (29) that:
i(t) = Az(t) + Af(z(t), 2()) + Bu[Ku(z(t) — =)
—WI(t)o(x(t), (1)), z(0) =z, t>0. (72)
Now, defining e, (t) = z(t) — 2. and e.(t) = z(t) — 2., and
using (20)—(22), it follows from (17) and (72) that:
e, (t) = Ae,(t) + Axe + Af(x(t), 2(2))
+ Bu[Kuex (t) = W (t)o (x(t), 2(1))]
= Aey(t) + Bu[6(x(1), 2()) — 6(we, 2)

= Gul(Te, 2e)ue + Kuea(t) — W () (x(t), 2(t))]

+ Bu(W(t) = Wu(t) "o (x(t), 2(1)),

exz(0)=20 — 2o, t>0 (73)
and

éz(t) = fz(em(t)v ez(t))a 62(0) =20 — Ze (74)

where fz(e$7ez) 2 fz(ez + Te, e, + Ze) - fz(xe7ze)' Fur-
thermore, since A is essentially nonnegative and asymptotically
stable, it follows from [12, Th. 3.3] that there exist a positive
diagonal matrix P = diag[p1,...,pn,, ] and a positive—definite
matrix R € R™=*"= such that (39) holds.

Next, to show ultimate boundedness of the closed-loop
system (38), (73), and (74) consider the Lyapunov-like function

V(ew e, W) =elPe, + tr WQ W™ (75)
where  Q A diag [@1, o qn} -
dla’g [ql/p1b17 <5 Qng, /pnm bn :| and W(t) 2 W(t) - W
with WT given by WT = block—diagLWlT ,...,~WEI ].
Note that (75) satisfies (9) with z; = [eg , W, ..., W] |T,

w2 = e onall) = B(lzal) = |lzafl?, where
l|lz1]]? 2 eTPe, + tr WQ~'WT. Furthermore, (||z1]|) is
a class Ko, function. Now, letting e, (t), ¢ > 0, denote the
solution to (73) and using (24) and (38), it follows that the
time derivative of V (e, e., W) along the closed-loop system
trajectories is given by (76), shown at the bottom of the next
page. Now, for each ¢ € {1,...,n,} and for the two cases
given in (70), the last term on the right-hand side of (76) gives:
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1) If @;(t) < 0, then W,;(t) = 0 and, hence
2pibi (e (OWi(t) = Wai(8) Torula(t), 2(1))

— 3l P e IV (Wi (1))

= 2pibi (e (Wi (1) + Wi) Tor(a(t), (1)
=l P 2ea ()W)
— Gl PV e, (1) W] (4) W)

< 2bi/pidisill PP es (Ollllg7 Wi o)l
o+ 261 /i ||P1/2 Dl

— 2piibiil| P e, ()16 W

+ 2pzbzéf/2

Wi(t)|?
yw [P e, )l Wi (b))

2) Otherwise, Wi (t) = W, (t) and, hence
2pibi (eai () (Wilt) = Was (1) "ri(a(t), 2(1))
— 3l PV e, IV E Wi (1))
= — 2pibiyl| PV e, (4) W (D) Wi(t)
< = 2pibiyl| P e, (8) | W (8 Wi(t)
+ 2pibig; i} || P 2e <>||||q V2w,
<2v/qibis:| P 2ea ()|l
+ 2b;/pisiw | P e, (t)||
— 2g,7; ||P1/2 LONla; " Win))?
+2qi4; Pt | PY e ()1, W,

Wit
Wit

Wi@)]-

Hence, it follows from (76) that in either case (77), shown at the
top of the next page. Next, completing squares yields

V(ea(t), ex(t), W(t))
< = Amin(RP™Y)||PY 2, ()]

" 1/2
+2|[P'2eu(1)] <Zpib?62*2)

=1

+Z2¢qzbszupl/2 Old Wil
+ ZQbi pisiw || P e (t)||
1=1

P T LTI P A E

=1

+2quqz /2y

=[P 2ea (1)) [—Amin(RP_l)IIPl/Zem(t)II

" 1/2
+2 (Z pibfa;-kz)

+22b Disiw; —Z2qmllq_1/2 (O]

~y iSi =1/295
+;2q‘%<‘/qm§+\/_>” ()||]

=[P ()II[ Amin(RP~)|[PY2eq (t)]| + v

2
1 b;s; ‘g w;
2 @i} it

(78)

wil| PY2e (Ol *Wi(t)||

- Zqu lIIA V2]

where

1/2
= (Zpl B2 *2)

2
S x , T bis; wr
+ 2b;\/pisiw; + 4L
; 2 Qi'Yz? q;
and §; = ¢;/pib;. Now, for
P2, >

v A

N (BPT) (79)

V(ea(t), ex(t), W (1)) =2¢; ()P [Aex(t) + Bul8(x(t), 2() = 6(e; 2e) = Gn(e, 2e)te + Kuewn(t) = W (D)o (w(t), 2(1))]
+ Bu(W(t) = Wu(t) T o (z(t), z(t))] + 2t W) Q™ W (¢)

= — e, (t)Rea(t) + 2e, (1) PByKyea(t) +

S apibica ()] ~ W (0i(at). 2(0)) + i), 2(1)]
=1

+ Z 2pibies: (8)(Wilt) — Wai(t) T oi(a (1), 2(1))

i=1

< —e t)Re,(t

+ Z2pzb ezz
+ Z 2pibi (627

Wit) = Wai(£) T oi(a (1), 2(t)) — %'IIP”zez(t)IIWiT(t)Wi(t))-

0 b [exs(0):((0), 20) — | PH2(a(0) — ) W)

(z(2), 2(t))

(76)
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D+ 2ibieai(t)eila(t), 2(1)

Vieg(t), e, (t), W(t)) < — eX(t)Rey(
i=1
+Z(2\/(hbszllP“2 Ol Wi)]| + 2bsy/prsiw; || PY2ea (1))
~ || PY2¢ R 174 2 512, o* I P 26 =120,
= 2q:%l| P e (OlG; W7 + 2G5 vwi [P ea ()l ()II)
1/2

< —eX(t)Rey(t) + 2| P ?e,

@l Zpibfff

+Z2¢qzb sl P e, (0162 W

~—1/2+%
—zzqmnpl/?em()nnq W,

||+Z2b pisiwi | P e, (1)
i=1

~—1/2 * ~—1/2+F
||2+22q1q P || PY e, (Od 2 Wi (1)]].

=1
(77)
or [10] L. Farina and S. Rinaldi, Positive Linear Systems: Theory and Applica-
tions. New York: Wiley, 2000.
—1/22% 1/( \/b;s: w¥ v [11] E. Kaszkurewicz and A. Bhaya, Matrix Diagonal Stability in Systems
Hqi / WLH > — ZQL + =]+ £ Qi and Computation. Cambridge, MA: Birkhauser, 2000.
2 qi7; qi 2¢;i ! [12] W. M. Haddad, V. Chellaboina, and E. August, “Stability and dissi-

(80)

7n1'

it follows that V(ex( ),e=(t), W (t)) < 0 forall t > 0; that
is, V(ew() ez(t)7W(t)) < 0 for all (ez(t),ez(t)7V~V(t)) €
D,\D and t > 0, where D, and D, are given by (58) and
(59), respectively. Now, the proof follows as in the proof of
Theorem 4.1. ]
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